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Summary. The immersed boundary method is both a mathematical fotronland a numer-
ical method for the study of fluid structure interactions.nflaumerical schemes have been
introduced to reduce the difficulties related to the noedincoupling between the structure
and the fluid evolution, however numerical instabilitiesamwhen explicit or semi-implicit
methods are considered. In this work we present a stabildjyais based on energy estimates
for the variational formulation of the immersed boundarytimoe.

A two dimensional incompressible fluid and a boundary in trenf of a simple closed
curve are considered. We use a linearization of the NawigkeS equations and a linear elas-
ticity model to prove the unconditional stability of the lfulmplicit discretization, achieved
with the use of a backward Euler method for both the fluid arel ghructure evolution
(BE/BE), and we present a computable CFL condition for thmaismplicit method where
the fluid terms are treated implicitly while the structuréreated explicitly (FE/BE).

Key words: immersed boundary method,; finite element method; numesteilil-
ity; CFL condition; fluid structure interaction.

1 Introduction

The idea behind the immersed boundary (IB) method lies oplbiservation that the
Navier-Stokes equations for incompressible fluids expnesising more than New-
ton’s lawF = ma in an Eulerian and “fluid-specialized” framework. The 1B imed
consists in adding to the Navier-Stokes equations someiawali “internal” forces
concentrated on the particles of the “fluid-solid” matet@lcompensate the fluid
behavior with the missing elastic part, in order to simukffeiently the interaction
between a fluid and an elastic material.
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In this paper we will present a numerical analysis of theiktgbf the IB method
applied to a one-dimensional volume-less and massless memlmmersed in a
two-dimensional fluid domain, modeled by the dynamic Staasations.

Numerical instabilities arise when computations are edron using semi-
implicit or explicit time-stepping techniques which regua careful choice of the
discretization parameters. We will address the stabilifyeat of IB computations
taking advantage of the natural energy estimates that fndsethe use of a varia-
tional approach to the IB method, as introduced in [2, 3].

In Sect. 2 we briefly present the finite element IB method, as# introduced
in [2, 3] and the elasticity model that will be used throughiine paper. Section 3
describes the time stepping schemes that will be analyz8ddéh 4, while Sect. 5 is
dedicated to numerical validation and conclusions.

2 TheFinite Element Immersed Boundary M ethod

Let (2 be a two dimensional domain containing both the fluid and tastie mem-
brane. To be more precise, for ale [0, T, let I'; be a simple closed elastic curve,
the configuration of which is given in a parametric fori(s,t), 0 < s < L,
X(0,t) = X(L,t), where the parametemarks a material point antl is related to
the unstressed length of the boundary.

X(s,t) represents the position if? of the material point which was labeled by
s at the initial time. We are interested in expressing forgntie force exerted by
the structure on the fluid in terms of the elastic force dgrfiit, t) generated by the
deformation of the immersed material itself. In the 1B methbis is achieved by
mean of the defining properties of the Dirac delta distritoudi:

F(x,t) = /D f(s,t)0(x — X(s,t))ds, in 2x]0,T7. (1)

Here the Dirac delta is used as a way to pass from the Lagmatathe Eulerian
formulation by introducing an “implicit” change of varias.

The force generated by the element of bounddsyon the fluid isf(s, t)ds.
We will concentrate on the case of linearized hyper-elastiompressible materials,
characterized by the existence of a positive potential@ndensity? associated
with the deformation of the elastic material and which isspendent on translations
and (linearized) rotations of the material itself.

The relation between the potential energy dengitand the forcef is given
through the use of the deformation ten&caind the first Piola-Kirchoff stress tensor
P as follows:

an (S, t) 8W

OP;;
Fij = 788- ) Pij(s,t) = —5)1[? ) (S, t), fj(S, t) = BSJ (S,t),
[ 17 [

where, in the last equation, summation is implied over regabdices.
In the two dimensional case= 1 andj = 1,2, therefore all tensors become
vectors. We will use a linear “fiber-like” formulation whettge Piola-Kirchoff stress
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tensor is defined by a scalar tensiBn= «|F| and the versor = F/|F| tangent to
the immersed curve, therefore the following hold

02X

P=T7=kF f=r—
T = KF, Sy

v(E) = SE2 ()
wherek is the elasticity constant of the material along the immetsmundary.

We observe that, in equation (1), the boundary fdrée multiplied by a two
dimensional Dirac distribution, over a domain of dimensioe, so that the resulting
force densityF is a one dimensional Dirac distribution alog and the following
Lemma holds true.

Lemma 1. Assume that, for all € [0, 7], the immersed boundad, is Lipschitz
continuous and thatt € L2([0, L] x |0, T']). Then for allt € |0, T[, the force density
F(t), defined formally in (1), is a distribution belonging f6—!(£2)? defined as
follows: for all v € H} (£2)?

L
n-1< F(t),v>mp= /0 f(s,t) - v(X(s,t)) ds Vvt €]0,T]. 3)

Let 7, be a subdivision of? into triangles or rectangles. We denote /bythe
biggest diameter of the elementshf We then consider two finite dimensional sub-
spaceV,, C H}(£2)? andQ), C L&(92). Itis well known that the pair of spacas,
and@; need to satisfy the inf-sup condition in order to have eristge uniqueness
and stability of the discrete solution of the Navier-Stogesblem (see [4]).

Next, lets;, i = 0,...,m with sy = 0 ands,,, = L, bem + 1 distinct points of
the intervall0, L]. We sethy = maxo<i<m |$; — si—1|. LetSy, be the finite element
space of piecewise linear vectors defined@r] as follows

S, = {Y S CO([O,L]; Q) 'Y [si—1,8] € 'Pl([si_l,si])Q, i1=1,...,m, 4
Y (s0) = Y(sm)} @

whereP!(I) stands for the space of affine polynomials on the intefvafor an
elementY € S;, we shall use also the following notatidfi;, = Y (s;) for i =
0,...,m.

Taking into account Lemma 1, it is possible to show that

<Fu(t),v>= i K (6X5;+1 (t) - ag(:i(t)) v(Xni(t))- (5)
=0

Notice that the right hand side of (5) is meaningful, sincés continuous as it is
required for the elements ¥},
The finite element discretization of the IB method reads:

Problem 1. Givenuy, € V;, andX;,o € Sy, forallt €10, T, find (uy(¢), pr(t)) €
V), x Qp andX,,(t) € Sy, such that
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p%(uh(t),v) +pu(Vup(t),Vv)— (V-v,pp(t)) =< Fp(t),v>Vv eV, (6)

(V-un(t),q) =0 VgeQn (7)
m—1
<Fu(t),v>=)Y & <‘9X5;+1 (t) — ‘9?;1' (t)) v(Xni(t) YW eV, (8)
=0
a;(thi(t):uh(xhi(t),t) Vi=0,1,...,m
9)
uy(x,0) = ugp(x) Vx € 2 (10)
X}”‘(O)ZXO(SZ') Vi=1,...,m.
(11)

3 Time Discretization by Finite Differences

In [8] it was shown how a fully implicit discretization in tienfor both the elastic-
ity and the fluid equations appears to be unconditionalllylstaNe will not report
numerical experiments on this approach (referred in thaelexp the Backward Eu-
ler/Backward Euler, or BE/BE scheme), we will however shbatthis approach is
unconditionally stable.

A natural alternative to the fully implicit method is the uska semi-implicit
modification. We will refer to this time stepping technigudyich couples the pres-
sure and diffusion implicitly in a Stokes solve while tregtithe elastic terms explic-
itly, as the Forward Euler/Backward Euler (in short FE/BEheame, following the
notations of [6]. We will show that this method is not uncdiaially stable and we
will give an appropriate CFL condition needed for it to remsiiable.

Let At denote the time step and let us indicate by the superscaptunknown
function at timet,, = nAt, so that the number of time steps needed to reach the final
timeT is N.

The two schemes can be formally described in a unified way:

Problem 2. Givenug, € V), andXyy, € Sy, setul) = ug, andX? = Xy, then
forn=0,1,...,N -1

Step 1. compute the source term

m—1
aY; aY;
<Ftv>= Z/—;( 8s+1 ~ s )V(Yi) Vv € Vp;
i=0

Step 2. find (u}'t*, pp ) € Vi, x Qp, such that

) V) + /L(V u;lH_l? v V) - (v Vap;lﬁ_l)
=< FZH,V > YvevV,
(V-uptt g) =0 Vg € Qn
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Step 3. findX}*! € Sy, such that

n+1 n
Xhi — Xhi

T =ut(Y?) Vi=1,...,m,

whereY is X7 in the FE/BE scheme ari{}"" in the BE/BE one.

The FE/BE scheme introduced in Problem 2 is computableenthi# BE/BE
scheme (here introduced only formally) requires the imgetation of some sort of
iterative scheme. We refer to [8] for the derivation of onetsa scheme and we will
only give some theoretical results about its unconditictedbility.

4 Stability Analysisby Energy Estimates

We prove here the unconditional stability of the fully ingilimethod, and present the
CFL conditions that need to be satisfied to preserve thelisgatfithe semi-implicit
numerical scheme.

In the following we will make extensive use of the total pdiahenergy of the
elastic material, which in our case is defined as

2

oX(t)
s

E[X(t)] == /D U(F(s,t))ds :g (12)

0,D

4.1 Stability of the continuous problem

The following stability estimate holds true for the solutiof both the continuous
and the space discretized problem:

Lemma2. For ¢ € |0,T[, letuy(t) € V, pa(t) € Qn and X, (t) € Sy be a
solution of Problem 1, then it holds:

OXp(t

pd
5@”‘1}1(15)”(2),9 + pl| Vup(t Ho o+ =0. (13)

i o

Using the same principles it is possible to provide soméeilgiatesults also for
the fully discretized case both in the BE/BE case,

Theorem 1 Letuy,, X;, be a solution of the BE/BE scheme in Problem 2.
The following discrete energy inequality holds:

2At (Il nH”o o — apll3, ) +ull VUHHHO,Q

oxH! 2 (14)
<
+2At H on) ~ 0

as well as in the FE/BE case:

15
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Theorem 2 Let u}, X} be a solution at time¢ = nAt of the FE/BE scheme of
Problem 2 and leL.™ be defined as

L":= m |IF”| (15)
then the following discrete energy inequality holds:

2At (Il nH”o Q= ||U-ZH3.Q) + | VU—ZHH(ZJ,Q
e X"+1 ? axn 2 Cr At (16)
2At -

Th_Ln” Vup o

Theorem 2 gives a quantitative estimate of the artificiargynéntroduced into
the system by the FE/BE numerical discretization.

For the problem to remain stable, i.e. with bounded energgevident that some
care has to be taken on the choice of the time step size, tldenflesh size and the
immersed boundary mesh size. The following lemma summeatiweCFL condition
needed in order to maintain the property of decreasing ¢évtatgy:

0,D

Lemma 3. If there exists a positiv&, such that foreachh =0,..., N — 1

u—%%L">KO>O (17)

then the following discrete energy inequality holds:

n 2
P n K ||oX™
2 llu |\3,Q+AtZK0||VukH3,Q+§ e
k=1 o 0,D 18
s %0 |12 (18)
—HU0||09+ -y .
2 21| Os 0.D

5 Numerical Results

To verify numerically the results stated in Theorem 2 and imen8 we set up the
extremely simple test problem of a balloon at rest inflatedlienmersed in the same
fluid, which translate in our numerical framework in a cirgigh radiusR < .5
immersed in the middle of the square dom#ini]? (we usedR = .4), with null
initial velocity u and initial parametric representation given by

X(s,t) = <§:f;((§// g)) ’ 2 > € [0,27R)]. (19)

We are interesting in showing the dependency of the staloifitthe CFL parameter
given by
At
= “h L. (20)
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In Figure 1 we plotted the evolution of the normalized tota¢rgy of the sys-
tem and of they” parameter during time for different values ofand At. All the
computations we performed show how thie parameter (20) is able to capture the
instabilities as soon as they arise.

;
j

(d) At =0.010,k = 1 (e) At =0.010, 5 = 2 () At =0.010,x = 4

(9) At =0.005,k = 1 (h) At =0.005, k = 2 (i) At =0.005,x =4

Fig. 1. Time versus normalized total energy apdor x = 1 (left), x = 2 (middle) andx = 4
(right) with h, = 1/32 andhs = 1/128.

Itis evident that when thg™ parameter gets too close to a threshold, which here
seems to be neag, then the energy (which here is supposed to remain constant)
explodes. The simulation in these cases stops without irggthe final timet = 3,
because the immersed boundary starts oscillating too lgesawd it ends outside the
computational domain.

The program used to compute these examples has been wnitiar+i with the
support ofdeal.ll libraries(see [1] for a technical reference).
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6 Conclusions

We recalled the formulation of the finite element immersedratary method as
found in [2, 3]. Choosing the correct strategy for the appration of the delta
distribution has been one of the major challenges for theldeers of the original
IB method (see, for example, [5]). In this paper we preseatadmerical stability
analysis of the finite element IB method, which in particdaes not depend on a
regularization of the Dirac delta distribution. The uncibiedhal stability for the fully
implicit time stepping technique (referred to as the BE/BReme) and a CFL condi-
tion for the semi-implicit time stepping technique (FE/Bigre presented. Previous
work in this direction was carried on in [7, 6], by analyzitgtvibrational modes
of immersed fibers and their influence on the time-steppicigrtigue. Our approach
follows a somewhat different path, by asking the numericathud to satisfy physi-
cal conditions like the conservation of the total energyhef $ystem. The numerical
experiments we performed show good agreement betweengbeetital results and
the instability that sometimes arise during the IB problemrmputations.
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