On a Model of Granular Flow: Global smooth solution, global BV solution and slow erosion limit
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We consider a 2 x 2 system of balance laws describing the flow of granular matter (e.g., an avalanche):

he = div(hVu) — (1 — [Vul)h,
{ w = (1-|Vul)h. (1)

This model was proposed in [2]. Here h is the thickness of the moving layer, while w is the height of the standing
layer. Assuming that p = u, > 0, differentiating w.r.t. x we obtain the system of balance laws

hi — (hp)s = (p—1)h,
{ pe+ ((p—1)h), = 0. (2)

This system (2) is weakly linearly degenerate at the point (h,p) = (0,1). The first characteristic field is
genuinely nonlinear away from the line p = 1 and the second field is genuinely nonlinear away from the line
h = 0. With suitable conditions on the initial data, a result on the global existence of smooth solutions of the
system (2) was recently proved in [3]. In particular, we assumed that u,(0,2) = 1 for x outside a compact
interval.

For more general initial data, the solution will develop discontinuities in finite time, due to nonlinearity of
the flux functions. In [1] we prove the global existence of BV solutions, for a class of initial data with bounded
but possibly large total variation. The main assumptions on the initial data (h,p) are:

heL'NBV, heL'NnBV, p(z) >po>0.

Moreover, we assume that ||h||Le < § for some § sufficiently small.

Furthermore, we also study the “slow erosion (or deposition) limit” in [1]. We show that, if the thickness
of the moving layer remains small, then the profile of the standing layer depends only on the total mass of the
avalanche flowing downhill, not on the time-law describing at which rate the material slides down.

More precisely, we consider an initial-boundary value problem for (2), with prescribed flux at the boundary:

h(0,z) = h(x), p(0,z) = p(x) for z <0,
p(t,0)h(t,0) = F(t) fort >0.

We proved the global existence of BV solution for this initial-boundary value problem, provided that |||~ < &
and || F|jLe~ < ¢ for sufficiently small §. Furthermore, in the limit as the thickness of the moving layer tends to
zero, the slope of the mountain provides the unique entropy solution to the scalar integro-differential conservation
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Here p is a rescaled time variable, implicitly defined by u(t) = fot F(7)dr , accounting for the total mass flowing
downstream across the point = 0.
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