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Derivation of the model

Frémond’s modeling of adhesive contact

Setting

A viscoelastic body Q C R® in adhesive contact with a rigid support on a
(flat) part Mcont of its boundary 9Q = Mpir U M'xeu U Mcont.

Related contributions

.... Andrews, Cangémi, Chau, Cocou, Eck, Fernidndez, Figuereido, Han,
Jarugek, Klarbring, Krbec, Kuttler, Martins, Mufoz-Rivera, Point, Racke,
Raous, Shi, Shillor, Sofonea, Telega, Trabucho, Wright.....

Riccarda Rossi
Analysis of a model for adhesive contact with thermal effects



Derivation of the model

Frémond’s modeling of adhesive contact

Setting

A viscoelastic body Q C R® in adhesive contact with a rigid support on a
(flat) part Mcont of its boundary 9Q = Mpir U M'xeu U Mcont.

Related contributions

.... Andrews, Cangémi, Chau, Cocou, Eck, Fernidndez, Figuereido, Han,
Jarugek, Klarbring, Krbec, Kuttler, Martins, Mufoz-Rivera, Point, Racke,
Raous, Shi, Shillor, Sofonea, Telega, Trabucho, Wright.....

Frémond’s approach

Based on [M. Frémond, Non-smooth Thermomechanics, 2002]
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Derivation of the model

Frémond’s modeling of adhesive contact

Setting

A viscoelastic body Q C R® in adhesive contact with a rigid support on a
(flat) part Mcont of its boundary 9Q = Mpir U M'xeu U Mcont.

Related contributions

.... Andrews, Cangémi, Chau, Cocou, Eck, Fernidndez, Figuereido, Han,
Jarugek, Klarbring, Krbec, Kuttler, Martins, Mufoz-Rivera, Point, Racke,
Raous, Shi, Shillor, Sofonea, Telega, Trabucho, Wright.....

Frémond’s approach

Based on [M. Frémond, Non-smooth Thermomechanics, 2002]
Account for microscopic motions in the macroscopic predictive theory

» microscopic bonds are responsible for the adhesion, microscopic motions
lead to rupture

> account for the power of the microscopic motions in the power of the
interior forces
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Derivation of the model

State variables

In the isothermal case [Bonetti-Bonfanti-R. '07,’08]
> in the volume domain Q:

> small deformation (¢(u) symm. linear. strain tensor) (small perturbation
assumption)

» on the contact surface cont:
> adhesion (x “phase parameter” related to the active bonds of the adhesion
~~ “damage parameter”)

» effects of displacement ( trace of the displacement)

u
IFcont
>
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Derivation of the model

State variables

To account for thermal effects: [Bonetti-Bonfanti-R. preprint’08]
> in the volume domain :

> small deformation (¢(u) symm. linear. strain tensor) (small perturbation
assumption)

> | thermal effects (0 absolute temperature) ‘

» on the contact surface [Ncone:

> adhesion (x “phase parameter” related to the active bonds of the adhesion
~~ “damage parameter”)

» effects of displacement ( trace of the displacement)

u
IFcont

> | thermal effects (65 absolute temperature)
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Derivation of the model

The equations for u and y

From the principle of virtual power (interior & exterior forces, no acceleration
forces)

» momentum balance:
—divE=f inQx(0,T),
n=R inTcont X (0, T),
u=0 in I'Dir X (0, T),
n=g inlNeu x (0,T),

Y stress tensor
R reaction on the contact surface
f volume force, g traction
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Derivation of the model

The equations for u and y

From the principle of virtual power (interior & exterior forces, no acceleration
forces)

» momentum balance:
—divE=f inQx(0,T),
n=R inTcont X (0, T),
u=0 in I'Dir X (0, T),
n=g inlNeu x (0,T),

Y stress tensor
R reaction on the contact surface
f volume force, g traction

» equation for the microscopic motions:

B —divH=0 in F'cont X (0, T), B interior microscopic work
H-ng =0 on dlcont X (0, T), H microscopic work flux vector
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Derivation of the model

The equations for 6 and 6,

Entropy balance for 6 and 6:
» for 0:

ss+divQ=h inQx(0,T), ;i"te"‘a' ef'l‘tm"y
t t
{Q = F on Feom % (0, T), entropy flux vector

h entropy source
-n=0 oQ\T 0, T ’
Q-n on \ Fcont x (0, T), F entropy flux through cont
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Derivation of the model

The equations for 6 and 6,

Entropy balance for 6 and 6:
» for 0:

ss+divQ=h inQx(0,T), ;i"te"‘a' ef'l‘tm"y
t t
{Q = F on Feom % (0, T), entropy flux vector

h entropy source
-n=0 oQ\T 0, T ’
Q-n on \ Fcont x (0, T), F entropy flux through cont

» for 0O :
Orss +divQs = F in Q2 x(0,7), ss contact surface entropy
Qs -ng =0 on Ilcont X (0, T), Qs surface entropy flux vector
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Derivation of the model

The equations for 6 and 6,

Entropy balance for 6 and 6:
» for 0:

ss+divQ=h inQx(0,T), ;'"te"‘a' ef'l‘tm"y
t t
{Q = F on Feom % (0, T), entropy flux vector
h entropy source,

Q-n =0 on 92\ Fcon x (0, T), F entropy flux through cont

» for 0O :
Orss +divQs = F in Q2 x(0,7), ss contact surface entropy
Qs -ng =0 on Ilcont X (0, T), Qs surface entropy flux vector

Entropy balance: obtained by rescaling the internal energy balance (under
small perturbation assumpt.): see [Bonetti-Frémond’03,
Bonetti-Colli-Frémond’03, Bonetti’06, Bonetti-Colli-Fabrizio-Gilardi’06,"07,08,
Bonetti-Rocca-Frémond’07]

Riccarda Rossi

Analysis of a model for adhesive contact thermal effects



Derivation of the model

Constitutive laws
Constitutive relations for

27 RaS7Q7F7BaHasSaQS

derive from the volume & surface free energies

Vo = Vo(u,0), Vrcon = Yreon (Ui, + X5 0s)
and the pseudo-potentials of dissipation
Oq = (DQ(ve?E(ut))v q)rCont = ¢rC0nt (V@s, Xts elrcont - 05)
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Vo = Vo(u,0), Vrcon = Yreon (Ui, + X5 0s)
and the pseudo-potentials of dissipation
Oq = (DQ(ve?E(ut))v q)rCont = ¢rC0nt (V@s, Xts elrcont - 05)

The energy potentials include constraints on the variables for physical
consistency: ~~ nonsmooth (multivalued) operators in the constitutive eqns
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Derivation of the model

Constitutive laws
Constitutive relations for

27 RaS7Q7F7BaHasSaQS

derive from the volume & surface free energies

Vo = Vo(u,0), Vrcon = Yreon (Ui, + X5 0s)
and the pseudo-potentials of dissipation
Oq = (DQ(ve?E(ut))v q)rCout = ¢rC0nt (V@s, Xts elrcont - 05)

The energy potentials include constraints on the variables for physical
consistency: ~~ nonsmooth (multivalued) operators in the constitutive eqns
Constraints

» admissible values for x and (possibly) irreversibility
» impenetrability condition between the body and the support

> positivity of the absolute temperatures 6 and 6
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Derivation of the model

The adhesion phenomenon

The "damage parameter” x denotes the fraction of active glue fibers at each
point of the contact surface

» x = 0 no adhesion (completely broken bonds)

» x = 1 active adhesion (unbroken bonds)
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Derivation of the model

The adhesion phenomenon

The "damage parameter” x denotes the fraction of active glue fibers at each
point of the contact surface

» x = 0 no adhesion (completely broken bonds)

» x = 1 active adhesion (unbroken bonds)

Physical constraints

> x €[0,1]

» x: < 0 (irreversible phenomenon)
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Derivation of the model

The adhesion phenomenon

The "damage parameter” x denotes the fraction of active glue fibers at each
point of the contact surface

» x = 0 no adhesion (completely broken bonds)

» x = 1 active adhesion (unbroken bonds)

Physical constraints

> x €[0,1]

As a first step, neglect irreversibility (~ fresh, liquid glue..)
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Derivation of the model

Unilateral conditions
The impenetrability condition
Ui M <0 on lcont-

is ensured by the reaction on the contact surface
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Derivation of the model

Unilateral conditions
The impenetrability condition

1] -n< onl .
Ir Cont <0 Cont

is ensured by the reaction on the contact surface
If x =0 (no adhesion) the reaction on Icons is
R= — a/],oo’()](u . n)n

(omitting traces) where

0 ifu-n<0
Ol —oo,0)(u-n) =
(malem) {[0,+oo[ fu-n=0
» R is normal to cont
» R=0ifu-n<0
» R=yn,vy<0ifu-n=0

This is in agreement with the Signorini conditions

Riccarda Rossi

Analysis of a model for adhesive contact thermal effects



Derivation of the model

Unilateral conditions
The impenetrability condition
Ui M <0 on lcont-

is ensured by the reaction on the contact surface
In the case the adhesion is active x > 0

R = —xu — 0h_ g(u-n)n
i.e., there is a reaction (with rigidity ~ x) counteracting separation:

R-n=—xu-n>0ifu-n<0
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The PDE system

The PDE system: the momentum balance

Recall Q ¢ R® smooth, bounded and 9Q = Mpir U Mven U Mcont

» The momentum balance
—div (Ke(u) + Kve(ue) +601) =f in Qx (0, T)

where: K elasticity tensor, K, viscosity tensor, 1 < thermal
deformation
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The PDE system

The PDE system: the momentum balance

Recall Q ¢ R® smooth, bounded and 9Q = Mpir U Mven U Mcont

» The momentum balance
—div (Ke(u) + Kve(ue) +601) =f in Qx (0, T)

where: K elasticity tensor, K, viscosity tensor, 1 < thermal
deformation

» the boundary conditions

u=0 onTlpi, (Ke(u)+ Kee(u)+60l)n=g on new X (0,T),

(Ke(u) + Kve(ue) +01)n + xu+ 0o g(u-nn 30 on Moont x (0, T),

where —xu — 9h_ gj(u - n)n on cons is the reaction
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The PDE system

The PDE system: the evolution of the adhesion

We consider on cont

1 .
:mfo+8muu09*XuX%*%O*§WV in Toont X (0, T)
Onx =0, on Ilcont X (0,T)

» Olpy(x) = x €[0,1]  (physical consistency)
]—00,0] ifx=0
8/[0,1]()() = 0 if 0 < x <1
[0,+00] ifx=1
> )\ (quadratic) function, related to the latent heat
> O temperature of the glue, 0.4 constant
» —1|ul? source of damage due to macroscopic movements
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The PDE system

The PDE system: the temperature equations

» The entropy equation (rescaled energy balance) for 6 in Q
Ot(logf) —divu, — A0 =h in Qx(0,T),

5.0 — 0 ondQ\Mcont X (0, T)
! X0y, —0s) on Tcont x (0, T)
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The PDE system

The PDE system: the temperature equations

» The entropy equation (rescaled energy balance) for 6 in Q
Ot(logf) —divu, — A0 =h in Qx(0,T),

5.0 — 0 ondQ\Mcont X (0, T)
! X0y, —0s) on Tcont x (0, T)

> The entropy equation for 05 on cont is

De(log ) — A'(x)xe — B0s = x(0),  —0s) in Tcone X (0, T)
6n95 =0 on arCont X (07 T)
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Existence

The complete PDE system: difficulties

—div (Ke(u) + Kye(ue) +61) =f  in Qx (0, T),

u=0 onlpix(0,T), (Ke(u)+ Kve(us)+601)n=g on Nveu x (0, T),

(Ke(u) + Kve(ue) + 01)n + xu + 0h_ oo g(u-n)n 30 on Fcons x (0, T),
/ 1 .

Xt — Ax + 9oy (x) 3 =N (x)(0s — Oeq) — §|U|2 in Fcont % (0, T),

Onx =0 on dlcont x (0,T)

Oc(logh) —divu, — A8 =h inQx(0,T),

5.0 — 0 on 92\ Tcont X (0, T),

Tl —x(0 - 6s) on Teone x (0, T),
8t(|og 05) — A/(X)Xt — Al = X(9 - 05) in rCont X (07 T)7
Onfs =0 on Al cont X (0, T), +Cauchy conditions

— singular character of the 6, 6;-equations (6-equation is coupled with a

third type boundary condition)
— we deduce directly 6,6 > 0, crucial for thermodynamical consistency!
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Existence

The complete PDE system: difficulties

—div (Ke(u) + Kve(ue) +01) =f in Q x (0, T),

u=0 inTpi x(0,T), (Ke(u)+ Kie(us)+01)n=g inneu X (0,7),

(Ke(u) + Kve(ue) + 01)n + xu + 0h_oo g(u-n)n 30 in Tons X (0, T),
/ 1 .

Xt — Ax + o, (x) 3 =X (x)(0s — Oeq) — §|U|2 in Fcont % (0, T),

Onx =0 on dlcont X (0,T)

Ot(log0) —divur — A0 =h inQx(0,T),

5.0 — 0 on 92\ Tcont X (0,T),

"l —x(8 — 6s) on Tcone x (0, T),

B:(log Bs) — X' (x)xt — ABs = x(6 — 05) in Tcons x (0, T)

Onbs =0 on Alcont x (0, T) + Cauchy conditions

— (quadratic) coupling terms on the boundary
— we need sufficient regularity on 6 and u to control their traces.
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Existence

The complete PDE system: difficulties

—div (Ke(u) + Kye(ue) +61) =f  in Qx (0, T),
u=0 onlpi;x(0,T), (Ke(u)+ Kie(ur)+01)n=g on Mveuw X (0, T),
(Ke(u) + Kve(ue) + 01)n+ xu+ 9h_ o gj(u-n)n 30 on Foone X (0, T),
Xe = AX + 9oy (x) 3 =N (X)(0s — Oeq) — %IUI2 in Fcont % (0, T),
Onx =0 on Idlcont % (0, T),
Ot(log0) —divur — A0 =h inQx(0,T),
8"0_{ 0 ondQ\ Mcont x (0, T),
—x(0 — 65) on T'cont X (0, T),
B:(log 0s) — N (x)xt — AOs = x(6 — 05) in Tcons x (0, T),
Onbs =0 on Al cont x (0, T), +Cauchy conditions

— non-smooth (multivalued) constraints on x and u-n
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Existence

The existence theorem
Theorem. Given initial data
00 € Ll(Q)7 |0g(90) S L2(Q)’ 95,0 S Ll(rC<>nI,)7 |0g(9s,0) S l—2(rC()nl)»
up € Hl(Q)3: X0 € Hl(rCom,)
there exist (u, x, 6, 0s) solving the weak, variational formulation of the IBVP
— div (Ke(u) + Kye(ug) + 01) =f inQ x (0, T),
(Ke(u) + Kye(ug) + 61)n 4+ xu + 3’]790,0](“ -mn 30 onle X (0, 7),
1
Xt = Bx + 0l 1100 3 =N (x)(05 — Oeq) = _|ul® inTe x (0, T),
Dt (log 0) — divur — A0 = h inQ x (0, T),

o9_ ] 0 onda\Tex(0,T)
ne —x(6 — Bs)onTc x (0, T),

dt(log 0s) — X' (x)xt — BBs = x(6 — 65) inTc x (0, T),
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Existence

The existence theorem
Theorem. Given initial data

90 S Ll(Q)7 |0g(90) S L2(Q)a 95,0 S Ll(rC<>nI,)7 |0g(9s,0) S l—2(rC()nl)»
up € Hl(Q)3: X0 € Hl(rCom,)

there exist (u, x, 6, 0s) solving the weak, variational formulation of the IBVP
— div (Ke(u) + Kye(ug) + 01) =f inQ x (0, T),
(Ke(u) + Kye(ug) + 61)n 4+ xu + 3’]790,0](“ -mn 30 onle X (0, 7),

1
Xt = Bx + 0l 1100 3 =N (x)(05 — Oeq) = _|ul® inTe x (0, T),
9t (log 0) — divuy — A6 = h inQ x (0, T),

o9_ ] 0 onda\Tex(0,T)
ne —x(6 — Bs)onTc x (0, T),

dt(log 0s) — X' (x)xt — BBs = x(6 — 65) inTc x (0, T),

with u € HY(0, T; HY(Q)®)
x € L2(0, T; H*(TGont)) N L= (0, T; HX(Tcont)) N HY(O, T; L2(Tcont))
0 € L2(0, T; HX(Q)) N L>=(0, T; L}(Q)), logh € L*=(0, T; L2(Q2)) N HY(0, T; HX(Q))
0s € L2(0, T; H'(Tcoms)) N L™(0, T L (Fciont)),
logfs € L*(0, T; L2(Tcont)) N HY(O, T; HY(Mcont)’)
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Existence

The existence theorem

Theorem. Given initial data

6o € L}(R2), log(6o) € L3(R), 50 € L' (Tcont), log(bs,0) € L2(Tcont),
ug € Hl(Q)3: PORS Hl(rCOnt)

there exist (u, x, 6, 0s) solving the weak, variational formulation of the IBVP
— div (Ke(u) + Kye(ug) + 01) =f inQ x (0, T),
(Ke(u) + Kye(ug) + 01)n + xu + 3’]790,0](“ -mn 30 onle X (0, T),

1
Xt = Bx + 0l 100 3 =N (x)(65 — Oeq) = _|ul® inTe x (0, T),
O¢(log 6) — divuy — A8 = h inQ x (0, T),

o9_ ] 0 onda\Tex(0,T)
ne —x(6 — Bs)onTc x (0, T),

Bt(log 0s) — A (x)xt — BBs = x(6 — 65) inTc x (0, T),

with u € HY(0, T; HY(Q)*)
x € L2(0, T; H*(TGont)) N L= (0, T; HY(Tcont)) N H(O, T; L2(Tcont))
0 € L2(0, T; HX(Q)) N L>=(0, T; L}(Q)), logh € L>°(0, T; L2(Q2)) N H(0, T; HX(Q))
0s € L2(0, T; H'(Tcoms)) N L™(0, T L' (Fcont)),
log 0s € L%°(0, T; L?(Fcont)) N HY(0, T; HX(Tcont)')
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

Ot(log 0) — div u; — AB =h inQx(0,7),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(8 = 65) on Tcont x (0, T)
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

€0;0+0:(log_0) — div uy — AG—=A (0:0) =h in Q2 x(0,T),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(0 — 05) on Tcons x (0, T)
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

€0;0+0:(log_0) — div uy — AG—=A (0:0) =h in Q2 x(0,T),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(0 — 05) on Tcons x (0, T)

where log_ denotes a Yosida-type approximation of log
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

€0;0+0:(log_0) — div uy — AG—=A (0:0) =h in Q2 x(0,T),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(0 — 05) on Tcons x (0, T)

where log_ denotes a Yosida-type approximation of log

e Analogously for 6s:
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

€0;0+0:(log_0) — div uy — AG—=A (0:0) =h in Q2 x(0,T),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(0 — 05) on Tcons x (0, T)

where log_ denotes a Yosida-type approximation of log

e Analogously for 6s:

8t(|0g 05) - )\/(X)Xt - AQS = X(e - 95) in rCont X (07 T)>
anes =0 on arCont X (07 T)
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

€0;0+0:(log_0) — div uy — AG—=A (0:0) =h in Q2 x(0,T),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(0 — 05) on Tcons x (0, T)

where log_ denotes a Yosida-type approximation of log

e Analogously for 6s:

50t95+8t(|og59s) - )\,(X)Xt - AGS_EA (afes) = X(a - 05) in rCont X (07 T)7
8,,95 =0 on 8r00nt X (07 T)
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Existence

First step of the proof: approximation

e Main difficulty: lack of regularity for 6 (presence of log and boundary
conditions)

€0;0+0:(log_0) — div uy — AG—=A (0:0) =h in Q2 x(0,T),

5.0 — 0 on 92\ Mcont X (0, T)
" —x(0 — 05) on Tcons x (0, T)

where log_ denotes a Yosida-type approximation of log

e Analogously for 6s:

50t95+8t(|og59s) - )\,(X)Xt - AGS_EA (afes) = X(a - 05) in rCont X (07 T)7
8,,95 =0 on 8r00nt X (07 T)

o we do not approximate 9l 1j(x), Oh—oo,g(u - n) in the eq.’s for u and x
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Existence

QOutline of the proof

Existence:

> approximating procedure
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Existence

QOutline of the proof

Existence:

> approximating procedure

» Schauder theorem to solve the approximated problem

> theory of evolution equations with maximal monotone operators for the

equations for 6 and 65

use previous results of [Bonetti, Bonfanti, R. 07, '08] for the system in u
and x
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Existence

QOutline of the proof

Existence:

> approximating procedure
» Schauder theorem to solve the approximated problem

> theory of evolution equations with maximal monotone operators for the
equations for 6 and 65

> use previous results of [Bonetti, Bonfanti, R. '07, '08] for the system in u
and x

» uniform a priori estimates (... some cancellations work, positivity of x...)
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Existence

QOutline of the proof

Existence:

> approximating procedure

v

Schauder theorem to solve the approximated problem

> theory of evolution equations with maximal monotone operators for the
equations for 6 and 65

> use previous results of [Bonetti, Bonfanti, R. '07, '08] for the system in u
and x

» uniform a priori estimates (... some cancellations work, positivity of x...)

> passage to the limit by compactness and semicontinuity arguments
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Existence

QOutline of the proof

Existence:

> approximating procedure
» Schauder theorem to solve the approximated problem

> theory of evolution equations with maximal monotone operators for the

equations for 6 and 65

use previous results of [Bonetti, Bonfanti, R. 07, '08] for the system in u
and x

» uniform a priori estimates (... some cancellations work, positivity of x...)

> passage to the limit by compactness and semicontinuity arguments

Uniqueness?

» NOT expected due to the nonlinear structure of the equations, the lack
of regularity of § and the boundary conditions

> holds for the approximating problem
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Long-time analysis

Trajectories on (0, +00)

There exists a solution in (0, T) for any T: we can suitably define the notion of
solution on (0, 400)
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Long-time analysis

Trajectories on (0, +00)

There exists a solution in (0, T) for any T: we can suitably define the notion of
solution on (0, 400)

How the trajectories (u(t), x(t),0(t),0s(t)) behave as t — +o0?
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Long-time analysis

Trajectories on (0, +00)

There exists a solution in (0, T) for any T: we can suitably define the notion of
solution on (0, 400)

How the trajectories (u(t), x(t),0(t),0s(t)) behave as t — +o0?

> need uniform estimates on the solutions independent of the final time T

> further requirement on the entropy flux through I'c
Ont) = —(x +¢c)(0),, —0s), c>0onTl.

~ residual flux even if x =0
(crucial to obtain a L2-estimate for 0. —0s)
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Long-time analysis

Long-time a priori estimates

Due to the dissipative character of the system

10] 00 (1,400 @)) T VO] 200, 400:02(2)) < €

0¢] 21,4 00;0()) < € for p < 12/7

105100 (14001t (Fione)) F Vsl 20 400it2(reon)) € €

[0:0s]12(1 40010y < €5 for g <2

|9|I—Cunt - 95‘L2(01+°°?L2(rCom)) <C

X100 (1, 400iH2 (M come)) T Xl 201 100t (Moo ) < €

[u] Lo (0, +oosH2(2)3) F [Ue] 1200, 4ooimr()3) < C

[0k (log 9)|L2(04+00;H1(Q)’) + |0¢(log 95)|L2(0,+oo;H1(I'C(,m)’) <C
~+ the “energy” and the “dissipation” are uniformly bounded

~~ the solutions trajectories converge in a suitable sense to some cluster points
as too
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Long-time analysis

The w-limit set

The set of the possible cluster points (Uso, Xoc, 0o, Oso) of the solutions
trajectories

> is non-empty, connected and compact (w.r.t. to a suitable topology)
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Long-time analysis

The w-limit set

The set of the possible cluster points (Uso, Xoc, 0o, Oso) of the solutions
trajectories

> is non-empty, connected and compact (w.r.t. to a suitable topology)

> its elements (Uoc, Xoo, Uso, Usoc ) SOlVe the stationary problem
div(Ke(uoo) + 0c1) =fo in Q  + boundary conditions
= A + 011 (xoe) 3 =X () (Bre — Oeg) = 5 el i Teons + b
000 >0: 000 =0 in Q,  Oscc =00 in Mcont
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Long-time analysis

The w-limit set

The set of the possible cluster points (Uso, Xoc, 0o, Oso) of the solutions
trajectories

>

>

is non-empty, connected and compact (w.r.t. to a suitable topology)

its elements (Uso, Xoos 0o, Osoc ) solve the stationary problem
div(Ke(uoo) + 0c1) =fo in Q  + boundary conditions

= A + 011 (xoe) 3 =X () (Bre — Oeg) = 5 el i Teons + b
000 >0: 000 =0 in Q,  Oscc =00 in Mcont

thermomechanical equilibrium (no dissipation) in the limit t — oo.
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