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Our doubly nonlinear equation

We consider the doubly nonlinear evolution equation:

W (z(t), 2(t)) + 06(t, z(1)) 0 inZ te(0,T), (DNE)

@ Zis a separable reflexive Banach space;

@ V:ZxZ—[0,+c¢] is convex and 1-positively
homogeneous w.r.t. the second variable;

@ £:[0,T] x Z— RU{+o0} is convex and l.s.c. w.r.t. the
second variable, and differentiable w.r.t. t € (0, T);

@ 0 is the subdifferential w.r.t. the second variable.

Problem:
Existence and uniqueness for the Cauchy problem for (DNE).
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Our doubly nonlinear equation

We consider the doubly nonlinear evolution equation:

W (z(t), 2(t)) + 06(t, z(1)) 0 inZ te(0,T), (DNE)

@ Zis a separable reflexive Banach space;

@ V:ZxZ—[0,+c¢] is convex and 1-positively
homogeneous w.r.t. the second variable;

@ £:[0,T] x Z— RU{+o0} is convex and l.s.c. w.r.t. the
second variable, and differentiable w.r.t. t € (0, T);

@ 0 is the subdifferential w.r.t. the second variable.

W also depends on the state variable z!!!
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Our doubly nonlinear equation

We consider the doubly nonlinear evolution equation:

W (z(t), 2(t)) + 06(t, z(1)) 0 inZ te(0,T), (DNE)

@ Zis a separable reflexive Banach space;

@ V:ZxZ—[0,+c¢] is convex and 1-positively
homogeneous w.r.t. the second variable;

@ £:[0,T] x Z— RU{+o0} is convex and l.s.c. w.r.t. the
second variable, and differentiable w.r.t. t € (0, T);

@ 0 is the subdifferential w.r.t. the second variable.

V¥ has linear growth at co!!!
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Our doubly nonlinear equation

We consider the doubly nonlinear evolution equation:

W (z(t), 2(t)) + 06(t, z(1)) 0 inZ te(0,T), (DNE)

@ Zis a separable reflexive Banach space;

@ V:ZxZ—[0,+c¢] is convex and 1-positively
homogeneous w.r.t. the second variable;

@ £:[0,T] x Z— RU{+o0} is convex and l.s.c. w.r.t. the
second variable, and differentiable w.r.t. t € (0, T);

@ 0 is the subdifferential w.r.t. the second variable.

The problem is rate-independent!!!
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Rate independence . N o
Time-rescaling invariance

Rate independence in continuum mechanics
Outline

Rate independence

Since V is 1-homogeneous,
our problem is rate-independent,
i.e. no intrinsic time scale,
i.e. a solution remains a solution upon time-rescaling,
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Rate independence . N o
Time-rescaling invariance

Rate independence in continuum mechanics
Outline

Rate independence

Since V is 1-homogeneous,
our problem is rate-independent,
i.e. no intrinsic time scale,
i.e. a solution remains a solution upon time-rescaling,

Hysteresis effects may appear.
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In rate-independent models,

V is the dissipation potential,
& the energy storage potential.

Applications:

& Rate independent systems arise in lots of fields:
@ elasto-plasticity ...
@ shape-memory models . ..
@ damage, crack propagation, delamination . ..
@ magnetic materials . ..

& ... usually, in non smooth, non convex problems
(non smooth, non convex £),

V.
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Rate independence . . .
Time-rescaling invariance

Rate independence in continuum mechanics
Outline

Rate independent models in continuum mechanics

In rate-independent models,

V is the dissipation potential,
& the energy storage potential.

Applications:

& Rate independent systems arise in lots of fields:
@ elasto-plasticity ...
@ shape-memory models . ..
@ damage, crack propagation, delamination . ..
@ magnetic materials . ..

& ... usually, in non smooth, non convex problems
(non smooth, non convex &), which need an
energetic formulation!
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Rate independence

Time-rescaling invariance
Rate independence in continuum mechanics
Outline

» The energetic formulation of our
rate-independent problem;

» existence and approximation for the energetic
formulation for the Cauchy problem for

ov(z(t),z(t))+0&(t, z(t)) >0, te(0,T7),

» hint (!) of the proof of uniqueness and (Lipschitz)
continuous dependence on the data

Our strategy:

Exploit the rate-independent character of the problem both for
existence and uniqueness!!
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Energetic approach to rate-independent models

The Energetic Formulation
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Energetic approach to rate-independent models

The Energetic Formulation

ov(z(t),z(t) +0&(t, z(t)) >0, te(0,T7),

We consider the case of state-independent V and smooth €&,
£ e C'([0, T] x Z;RT).
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Energetic approach to rate-independent models

The Energetic Formulation

ov(z(t))+ DE(L,z(t)) >0, te(0,T),

We consider the case of state-independent V and smooth €&,
£ e C'([0, T] x Z;RT).
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Energetic approach to rate-independent models

The Energetic Formulation

ov(z(t))+ DE(L,z(t)) >0, te(0,T),

@ existence

@ approximation via variable time-step discretization

@ uniqueness & continuous dependence on the initial data

@ strong convergence and error estimates for the
approximate solutions

in [Mielke-Theil, On rate-independent models, NODEA 2004].
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Energetic approach to rate-independent models

The Energetic Formulation

ov(z(t)) + DE(t, z(t)) >0, te(0,T),
z(0) = zg
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Energetic approach to rate-independent models

The Energetic Formulation

z(0) = zg (SF)

We will prove:

Any solution z € W'-1(0, T; Z) of (SF) fulfils

{6W(2(t)) + DE(t,2(t)) 50, te(0,T),

the stability condition
E(t,z(t) < E(ty) +V(y — z(t)) VyeZ, forae.te(0,7)
and for all t € [0, T] the energy balance

/ () dr + £t 2(1)) = £(0.20) + / 0,E(r 2(r))a
0 0

o
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Energetic approach to rate-independent models

The Energetic Formulation

z(0) = zg (SF)

Crucial facts on V:

By convexity and 1-positive homogeneity, 3 a closed convex
subset C C Z’ s.t.

{6W(2(t)) + DE(t,2(t)) 50, te(0,T),

V(v) =max{(o,v) |ceC}Vvel

i.e., Vis the support function of C,

oV (v) = argmax {(o,Vv) | ¢ € C} = (9lc)~"(v),
ov(v) C C =0ov(0).
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Energetic approach to rate-independent models

Towards the energetic formulation: stability

» Then, we reformulate the doubly nonlinear equation as

— DE(t, z(1)) € dW(2(t)) C dW(0) te (0,T).  (DNE2)

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Energetic approach to rate-independent models

Towards the energetic formulation: stability

» Then, we reformulate the doubly nonlinear equation as
— DE(t, z(t)) Cc oW(z(t)) c ov(0) te(0,T). (DNE2)
» Fix y € Z and test (DNE2) by y — z(t): since W(0) = 0,

V(y —2(t) = W(y — 2(1)) = ¥(0) = —(DE(t, (1)), y — 2(1))

>
> E(t, 2(1) — £(t, ).

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Energetic approach to rate-independent models

Towards the energetic formulation: stability

» Then, we reformulate the doubly nonlinear equation as
— DE(t, z(t)) c ov(z(t)) c OV(0) te(0,T). (DNE2)
» Fix y € Z and test (DNE2) by y — z(t): since W(0) = 0,

V(y —2(t) = W(y — 2(1)) = ¥(0) = —(DE(t, (1)), y — 2(1))

>
> E(t, 2(1) — £(t, ).

» Hence, we obtain the stability condition

E(t,z(t) < E(ty)+V(y —z(t) VyeZ forae.te(0,7)

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Energetic approach to rate-independent models

Towards the energetic formulation: energy balance

» We test
—DE(t, z(t)) c 0W(0) fora.e.te(0,T)
by z(t), whence

v(z(t)) + (DE(t, (1)), (1)) = O.

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Energetic approach to rate-independent models

Towards the energetic formulation: energy balance

» We test
—DE(t, z(t)) C OV(z(t)) fora.e.te (0,T).
by z(t), whence

v(z(t)) + (DE(t, (1)), (1)) < O.

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Energetic approach to rate-independent models

Towards the energetic formulation: energy balance

» We conclude the differential form of the energy balance:
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Energetic approach to rate-independent models

Towards the energetic formulation: energy balance

» We conclude the differential form of the energy balance:

V(z(t)) + (DE(L, z(1)),z(t)) =0 fora.e.te (0,T), (Eloc)

» Recall the chain rule formula

G e(t,2(1) = (DE(t, 2(1)), 2(0) + (L, 2(1)),
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Energetic approach to rate-independent models

Towards the energetic formulation: energy balance

» We conclude the differential form of the energy balance:

V(z(t)) + (DE(L, z(1)),z(t)) =0 fora.e.te (0,T), (Eloc)

» Integrate (Eloc) on the time interval (s,1),0 <s<t<T.
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Energetic approach to rate-independent models

Towards the energetic formulation: energy balance

» We conclude the differential form of the energy balance:

V(z(t)) + (DE(L, z(1)),z(t)) =0 fora.e.te (0,T), (Eloc)

» We obtain the energy balance forall0 < s <t < T:

/ () dr + £(t2(1)) = £(5.2(5)) + / (. 2(r))dr.
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Energetic approach to rate-independent models

The Energetic Formulation

If z€ W'1(0, T; Z), the stability condition and the energy
balance are equivalent to the pointwise, subdifferential
formulation

oW (2(t)) + DE(t, z(f)) 50 te (0, T).

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Setup of the problem
Existence and approximation Main existence result

Back to our problem

{8W(z(t),2(t))+85(t,z(t))90 for a.e. t € (0, T), ()

z(0) = 2o
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Setup of the problem
Existence and approximation Main existence result

Back to our problem

The Energetic Formulation

Stability for a.e. t € (0, T)
E(t,z(1) < E(t y) +V(2(t),y — 2(1)) VyeZ,

and the energy balance for all t € [0, T]

/ W((r), 2(r)dr + £(t.2(1)) = £(0. 20) + / 0,E(r, 2(r))a
0 0

o
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Setup of the problem
Existence and approximation Main existence result

Back to our problem

Equivalence of Subdifferential and Energetic formulations

z € W'1(0, T; Z) is a solution to (SF) iff it fulfils the stability
condition for a.e. t € (0, T)

E(t,z(1) < E(ty) +V(2(t),y — 2(1)) VyeZ,

and the energy balance for all t € [0, T]

/t W(z2(r), 2(r))dr + £(t, 2(1)) = £(0, 2) + /t O,E(r, 2(r))dr.
0 0
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Setup of the problem
Existence and approximation Main existence result

Back to our problem

Equivalence of Subdifferential and Energetic formulations

z € W'1(0, T; Z) is a solution to (SF) iff it fulfils the stability
condition for a.e. t € (0, T)

E(t,z(1) < E(ty) +V(2(t),y — 2(1)) VyeZ,

and the energy balance for all t € [0, T]

/t W(z2(r), 2(r))dr + £(t, 2(1)) = £(0, 2) + /t O,E(r, 2(r))dr.
0 0

Same proof: use a chain rule for 9&!
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:
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Main assumptions
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions

» £:(0,T) x Z — R bounded from below and |.s.c.;
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions

» £:(0,T) x Z — R bounded from below and |.s.c.;
» ¢ Lipschitz continuous in time, 9;€ Lipschitz and weakly
continuous w.r.t. z € Z;
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions

» £:(0,T) x Z — R bounded from below and |.s.c.;

» ¢ Lipschitz continuous in time, 9;€ Lipschitz and weakly
continuous w.r.t. z € Z;

» Ja >0s.t forallt [0, T] £(¢,-) is a-uniformly convex;
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions

» £:(0,T) x Z — R bounded from below and |.s.c.;
» ¢ Lipschitz continuous in time, 9;€ Lipschitz and weakly
continuous w.r.t. z € Z;

%9(1 —0)|12z0 — 1|2 < (1 — O)E(L, z0) + 0E(L, z1)
—E(t,(1 = 0)zg +02) YO<O<1,
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Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions

» £:(0,T) x Z — R bounded from below and |.s.c.;

» ¢ Lipschitz continuous in time, 9;€ Lipschitz and weakly
continuous w.r.t. z € Z;

» Ja >0s.t forallt [0, T] £(¢,-) is a-uniformly convex;

» JCy > 0s.t. V(z,v) < Cy||v| forall (z,v) € Z x Z,

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Main assumptions

» £:(0,T) x Z — R bounded from below and |.s.c.;

» ¢ Lipschitz continuous in time, 9;€ Lipschitz and weakly
continuous w.r.t. z € Z;

» Ja >0s.t forallt [0, T] £(¢,-) is a-uniformly convex;

» JCy > 0s.t. V(z,v) < Cy||v| forall (z,v) € Z x Z,

> <y <a: |V(z,v)-V(Z,v) <¢*|v| Vz,2,veZ,
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Setup of the problem
Existence and approximation Main existence result

The main existence result

[Mielke-R., 2005, to appear on M3AS]:

Theorem

» £:(0,T) x Z— R bounded from below and I.s.c.;

» & Lipschitz continuous in time, 0;€ Lipschitz and weakly
continuous w.r.t. z € Z;

» Jda >0s.t forallt [0, T] £(t,-) is a-uniformly convex;
» JCy > 0s.t. V(z,v) < Cy||v| forall (z,v) € Z x Z,

> <P <a: |V(z,v)-V(Z,v) <¢*|v| Vz,2,velZ,

Then, for any stable initial datum Zzy, the energetic
formulation admits a solution z ¢ W'>(0, T; 2).
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Setup of the problem
Existence and approximation Main existence result

Approximation and passage to the limit
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Setup of the problem
Existence and approximation Main existence result

Approximation and passage to the limit

Y approximation via time-discretization;
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Setup of the problem
Existence and approximation Main existence result
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Existence and approximation Main existence result

Approximation and passage to the limit

Y approximation via time-discretization;

I discrete stability condition and discrete energy
inequality;

I a priori estimates for a uniform time-step
approximation;

Y passage to the limit via weak compactness,
lower semicontinuity, Young measures
arguments for a uniform time-step
approximation;
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Setup of the problem
Existence and approximation Main existence result

Approximation and passage to the limit

Y approximation via time-discretization;

I discrete stability condition and discrete energy
inequality;

I a priori estimates for a uniform time-step
approximation;

I passage to the limit via weak compactness,
lower semicontinuity, Young measures
arguments for a uniform time-step
approximation;

I stability condition and energy identity in the limit
(via the chain rule) = existence of a solution to
the energetic formulation
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Existence and approximation Main existence result

Open problems & future developments (l)

@ ; a priori estimates and convergence of the approximate
solutions for a variable time-step approximation? (Up to
know, only in a very particular case!)
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Setup of the problem
Existence and approximation Main existence result

Open problems & future developments (l)

@ ; a priori estimates and convergence of the approximate
solutions for a variable time-step approximation? (Up to
know, only in a very particular case!)

@ ; Explicit error estimates in the uniform time-step case?

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Strong convergence & Continuous dependence
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Strong convergence & Continuous dependence

In the state-independent case of [Mielke-Theil'04]

ov(z(t))+ DE(L, z(t)) >0, te(0,T),
z(0) =2z
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Strong convergence & Continuous dependence

In the state-independent case of [Mielke-Theil'04]

ov(z(t))+ DE(L, z(t)) >0, te(0,T),
z(0) =2z

the proofs of convergence with error estimates
& of Continuous dependence
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Strong convergence & Continuous dependence

In the state-independent case of [Mielke-Theil'04]

ov(z(t))+ DE(L, z(t)) >0, te(0,T),
z(0) =2z

the proofs of convergence with error estimates
& of Continuous dependence

are tightly related
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Mielke&Theil’s energetic estimates
Quasivariational difficulties

. ni ness via combined methods
Uniqueness and continuous dependence on the data Wil

Mielke&Theil’s energetic estimate (in the
state-independent case!)

Continuous dependence argument of [Mielke-Theil, 2004]: let
z1 and 2z, be two W'1(0, T; Z) solutions of

OV(Z(t)) + DE(t,z1()) 20, a.e.in(0,T), z(0)=2z,
OV(Zs(1)) + DE(t, zo(1)) 20, ae.in (0,T), 2z(0) = Z2.
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Mielke&Theil’s energetic estimates
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. ni ness via combined methods
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Mielke&Theil’s energetic estimate (in the
state-independent case!)

Continuous dependence argument of [Mielke-Theil, 2004]: let
z1 and 2z, be two W'1(0, T; Z) solutions of

OV(Z(t)) + DE(t,z1()) 20, a.e.in(0,T), z(0)=2z,
OV(Zs(1)) + DE(t, zo(1)) 20, ae.in (0,T), 2z(0) = Z2.

Since £ is smooth and a-uniformly convex,

af|z1(t)=2z2(t)l|* < (1) := (DE(t, z1(1)~DE(t, 22(t)), z1 (1) 22(1)).
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Mielke&Theil’s energetic estimates
Quasivariational difficulties

. ni ness via combined methods
Uniqueness and continuous dependence on the data Wil

Mielke&Theil’s energetic estimate (in the
state-independent case!)

Continuous dependence argument of [Mielke-Theil, 2004]: let
z1 and 2z, be two W'1(0, T; Z) solutions of

OV(Z(t)) + DE(t,z1()) 20, a.e.in(0,T), z(0)=2z,
OV(Zs(1)) + DE(t, zo(1)) 20, ae.in (0,T), 2z(0) = Z2.

[Mielke-Theil’04]: By the smoothness of £ and the 1-
homogeneity of V(z, -), obtain the Gronwall estimate

A(t) < Cy(1),
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Mielke&Theil’s energetic estimates
Quasivariational difficulties

. ni ness via combined methods
Uniqueness and continuous dependence on the data Wil

Mielke&Theil’s energetic estimate (in the
state-independent case!)

Continuous dependence argument of [Mielke-Theil, 2004]: let
z1 and 2z, be two W'1(0, T; Z) solutions of

OV(Z(t)) + DE(t,z1()) 20, a.e.in(0,T), z(0)=2z,
OV(Zs(1)) + DE(t, zo(1)) 20, ae.in (0,T), 2z(0) = Z2.

[Mielke-Theil’04]: By the smoothness of £ and the 1-
homogeneity of V(z, -), obtain the Gronwall estimate

() < Cy(d),
and conclude Lipschitz continuous dependence on the data!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Mielke&Theil’s energetic estimate (in the
state-independent case!)

Continuous dependence argument of [Mielke-Theil, 2004]: let
zy and z be two W'1(0, T; Z) solutions of

OV(Z(t)) + DE(t, z1()) 20, a.e.in(0,T), z(0)=2z,
OV(Z(t)) + DE(t, z(1)) 20, a.e.in(0,T), z(0) =z

Problem:
This argument does not work when W depends on the state z!!!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Mielke&Theil’s energetic estimate (in the
state-independent case!)

Continuous dependence argument of [Mielke-Theil, 2004]: let
zy and z be two W'1(0, T; Z) solutions of

OV(Z(t)) + DE(t, z1()) 20, a.e.in(0,T), z(0)=2z,
OV(Z(t)) + DE(t, z(1)) 20, a.e.in(0,T), z(0) =z

Problem:

This argument does not work when W depends on the state z!!!
In the state-dependent case, to get uniqueness is much more
complicated!
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Quasivariational difficulties
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Uniqueness and continuous dependence on the data

A smoothness assumption

Let us gain further insight into the quasivariational
character of the problem!!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

A smoothness assumption

Let us gain further insight into the quasivariational
character of the problem!!
From now on, like in [Mielke-Theil ’04], we assume

£ € C3([0, T] x Z;R).
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

A smoothness assumption

Let us gain further insight into the quasivariational
character of the problem!!
From now on, like in [Mielke-Theil ’04], we assume

£ € C3([0, T] x Z;R).
Hence,

ov(z(t),z(t)) + DE(t, z(t)) >0, fora.e.te(0,T7),
z(0) = z9
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The Sweeping Process formulation
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The Sweeping Process formulation

By convexity and 1-positive homogeneity, 3 a multivalued map
from Z to the closed convex subsets of 2/, z — C(z) C Z', s.t.

{\Il(z, v) =max{(o,V) |oc €C(2)}V(z,v) e Zx Z
OV (z,v) = (Ole(z)) ' (v)-
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The Sweeping Process formulation

By convexity and 1-positive homogeneity, 3 a multivalued map
from Z to the closed convex subsets of 2/, z — C(z) C Z', s.t.

{\Il(z, v) =max{(o,V) |oc €C(2)}V(z,v) e Zx Z
OV (z,v) = (Ole(z)) ' (v)-

Consider the formulation:
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Uniqueness and continuous dependence on the data

The Sweeping Process formulation

By convexity and 1-positive homogeneity, 3 a multivalued map
from Z to the closed convex subsets of 2/, z — C(z) C Z', s.t.

{\Il(z, v) =max{(o,V) |oc €C(2)}V(z,v) e Zx Z
OV (z,v) = (Ole(z)) ' (v)-

Consider the formulation:

z(t) € Olo(z(1))(—DE(t, 2(1)))
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The Sweeping Process formulation

By convexity and 1-positive homogeneity, 3 a multivalued map
from Z to the closed convex subsets of 2/, z — C(z) C Z', s.t.

{\Il(z, v) =max{(o,V) |oc €C(2)}V(z,v) e Zx Z
OV (z,v) = (Ole(z)) ' (v)-

Consider the formulation:
z(t) € Olgz(1))(—DE(t, 2(1)))

This is a quasivariational Sweeping Process!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The Sweeping Process formulation

By convexity and 1-positive homogeneity, 3 a multivalued map
from Z to the closed convex subsets of 2/, z — C(z) C Z', s.t.

{\Il(z, v) =max{(o,V) |oc €C(2)}V(z,v) e Zx Z
OV (z,v) = (Ole(z)) ' (v)-

Consider the formulation:
z(t) € Olgz(1))(—DE(t, 2(1)))

This is a quasivariational Sweeping Process!
Monotonicity techniques fail for proving uniqueness!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The Sweeping Process formulation

By convexity and 1-positive homogeneity, 3 a multivalued map
from Z to the closed convex subsets of 2/, z — C(z) C Z', s.t.

{\Il(z, v) =max{(o,V) |oc €C(2)}V(z,v) e Zx Z
OV (z,v) = (Ole(z)) ' (v)-

Consider the formulation:
z(t) € Olgz(1))(—DE(t, 2(1)))

This is a quasivariational Sweeping Process!
Monotonicity techniques fail for proving uniqueness!
The proof of uniqueness is highly nontrivial!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The BROKATE-KREJCi-SCHNABEL argument

First uniqueness and continuous dependence result for quasi-
variational sweeping processes ~ [Brokate-Krej¢i-Schnabel,
J. Convex Anal. 2004]:
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The BROKATE-KREJCi-SCHNABEL argument

Assume Z Hilbert and £(t, 2) :~ ||z||?

z(t) € Ole(z(1y)(—2(1))
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The BROKATE-KREJCi-SCHNABEL argument

Assume Z Hilbert and £(t, 2) :~ ||z||?
z(t) € Ole(z(1y)(—2(1))

Main ideas:

@ Exploit convex analysis results and the support function
properties of W(z, ) to deduce a more suitable
representation of ol¢(;(1));
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Mielke&Theil’s energetic estimates
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Uniqueness and continuous dependence on the data

The BROKATE-KREJCi-SCHNABEL argument

Assume Z Hilbert and £(t, 2) :~ ||z||?
z(t) € Ole(z(1y)(—2(1))

Main ideas:

@ Exploit convex analysis results and the support function
properties of W(z, ) to deduce a more suitable
representation of ol¢(;(1));

@ Deduce from this representation the continuous
dependence estimates by smoothness assumptions
on V!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

The BROKATE-KREJCi-SCHNABEL argument

Assume Z Hilbert and £(t, 2) :~ ||z||?
z(t) € Ole(z(1y)(—2(1))

Main ideas:

@ Exploit convex analysis results and the support function
properties of W(z, ) to deduce a more suitable
representation of ol¢(;(1));

@ Deduce from this representation the continuous
dependence estimates by smoothness assumptions
on V!

How to deal with a general £??
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Our strategy and our result
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Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:

& B.K.S’s convex analysis techniques to deal
with a state-dependent V;
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Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:
& B.K.S’s convex analysis techniques to deal
with a state-dependent V;
& M.T’s energy estimates to deal with general £
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Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:
& B.K.S’s convex analysis techniques to deal
with a state-dependent V;
& M.T’s energy estimates to deal with general £

and obtained (proof rather technical!) a uniqgueness and
continuous dependence result
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Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:
& B.K.S’s convex analysis techniques to deal
with a state-dependent V;
& M.T’s energy estimates to deal with general £

and obtained (proof rather technical!) a uniqgueness and
continuous dependence result under suitable smoothness
assumptions
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:
& B.K.S’s convex analysis techniques to deal
with a state-dependent V;
& M.T’s energy estimates to deal with general £

and obtained (proof rather technical!) a uniqgueness and
continuous dependence result under suitable smoothness
assumptions

e onV;
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:
& B.K.S’s convex analysis techniques to deal
with a state-dependent V;

& M.T’s energy estimates to deal with general £
and obtained (proof rather technical!) a uniqgueness and
continuous dependence result under suitable smoothness
assumptions

e onV;
@ on¢;
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Rate independence
Energetic approach to rate-independent models
Existence and approximation

Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Our strategy and our result

A compromise

@ We have combined:

& B.K.S’s convex analysis techniques to deal
with a state-dependent V;
& M.T’s energy estimates to deal with general £
and obtained (proof rather technical!) a uniqgueness and

continuous dependence result under suitable smoothness
assumptions

e onV;
e on¢;
@ But our continuous dependence result is intermediate:
does not entirely cover the Brokate-Krejci-Schnabel’s and
the Mielke-Theil’s results.
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Open problems & future developments (ll)
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Uniqueness and continuous dependence on the data

Open problems & future developments (ll)

@ Improve the result!
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Open problems & future developments (ll)

@ Improve the result!

@ ; Strong convergence of the approximate solutions by
the same method for continuous dependence?
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Mielke&Theil’s energetic estimates
Quasivariational difficulties
Uniqueness via combined methods

Uniqueness and continuous dependence on the data

Open problems & future developments (ll)

@ Improve the result!

@ ; Strong convergence of the approximate solutions by
the same method for continuous dependence? .. Does not

seem frivial at all...

ECSS - Roma, Oct. 26-28 2006 Existence and uniqueness for rate-independent problems



	
	Main Talk
	Rate independence
	Time-rescaling invariance
	Rate independence in continuum mechanics
	Outline

	Energetic approach to rate-independent models
	Existence and approximation
	Setup of the problem
	Main existence result

	Uniqueness and continuous dependence on the data
	Mielke&Theil's energetic estimates
	Quasivariational difficulties
	Uniqueness via combined methods



