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The equation

We consider the following fourth-order nonlinear parabolic equation

Xy — Ala(0X; — AX+X? = X)) =0 inQx(0,7),

o QC RN N =1,2,3, abounded smooth domain, with boundary
I, (0,7) a time interval,

e o: D(a) CR — Ris strictly increasing and differentiable,

e 0 > () a constant.



Links with the Cahn-Hilliard equations

If o is linear,
a(r) :=kr  Vr eR,

(where k > 0 is the mobility), then
X; — A(a(6X, — AX+X° = X) =0 inQx(0,7T),
reduces with 0 = 1 to the standard viscous Cahn-Hilliard equation
X; — kAX; — AX+X°—=X) =0 inQx(0,T),
and with 0 = 0 to the standard Cahn-Hilliard equation

X, — KA(=AX 4+ X —=X) =0 inQx(0,7).



Derivation of the Cahn-Hilliard equation

e Given the total free energy functional F

FX) = /Q (%!VXP S ; 1)2>

(= interfacial energy + free energy density), define the chemical po-
tential w as the first variation of F

w = —AX + W'(X).
e Couple the mass balance law
X +divh =0,
with the constitutive law for the mass flux h

h = —xI Vw, (Iisthe N x N identity matrix).




The Cahn-Hilliard and the viscous Cahn-Hilliard equations

e Supplement X; — KA(=AX 4+ X?> —X) =0 in Q x (0,7) with
X(-,0) = Xy and the no-flux boundary conditions

OX=0, —h-n=0,w=0 on I' x (0,7).

Then, X is a conserved parameter, i.e.,
1
m(x(0) = 1 / X(z.t) dz = m(Xy) Vte 0.7
Q

e [Novick-Cohen '88] proposed the viscous Cahn-Hilliard equation
X, — kAX; —AX+X°—=X) =0 inQx(0,T)

to account for viscosity effects in the phase separation in polymers.
e Wide literature on well-posedness (for various variants of the
model), long-time behaviour, dynamics of pattern formation..



Gurtin’s generalized viscous Cahn-Hilliard equation

e M.E. Gurtin [PHYS. D ’96] proposed a novel derivation of the
Cahn-Hilliard equations, thus obtaining the

generalized viscous Cahn-Hilliard equation
X, — div(IM(Z)V(6X, — AX +X* = X)) =0  (GVCHE)

where the mobility tensor M(Z) is symmetric positive definite, and

constitutive variables: Z=(X, VX, X;, w, Vw)!

e Equation rigorously derived for the chemical potential:
w=6X; — AX + X° — X,

e Several results [Miranville]: well-posedness and long-time be-

haviour with periodic and Neumann b.c., and M(Z) = M, M(X).



Back to the equation

X; — Ala(X; — AX+X° = X)) =0 inQx(0,T),
(we have set 0 = 1) is a particular case of (GVCHE):
X; —divIM(Z)V(X; — AX +X° = X)) =0 inQx(0,7T)
M(Z) = M(w) := o' (w)I,

(admissible, o' > 0!), i.e., a chemical potential-dependent mobility
tensor!!!!

e Several well-posedness for a concentration-dependent mobility
tensor in the viscous and non viscous cases: [Cahn, Elliott, Novick-
Cohen, Garcke, Bonetti, Colli, Gilardi, Dreyer, Schimperna,
Sprekels].

e \We prove well-posedness results for two different [.B.V. correspond-
iIng to two choices of the mobility law «.



Back to the equation

e Insert a “source term” f: Q) x (0,7) — R in the equation:

X, — Ala(X; —AX+ X = X)) =f inQx(0,7).

e Introduce

p:=a"' and the variable u:= a(w).

e Rephrase the (GVCHE) with source term f as
X; —Au=f inQx(0,7T),
X, — AX + X — X = p(u) in Qx(0,7),

supplemented with an initial condition on X and suitable boundary
conditions on X and u, depending on the properties of p.



ldea of the proof of existence

We introduce the approximate system of phase field type

Vut—l—Xt—Au:f inQX(O,T),
X, — AX + X — X = p(u) in Qx(0,7),
—+initial and boundary conditions on u and X

Main steps:
e well-posedness for the approximate system:;
e a priori estimates on the solutions {(u,, X, ) }, independent of v;

e extraction of subsequences converging as v | 0 to the unique
solution to the i.b.v. problem.



A bilipschitz mobility law

Suppose that o = «¢, with
a1 : R — R strictly increasing, differentiable, and bi-Lipschitz.
Imy, M; >0 st. my <oy (r) <M, VreR.
Then, p; is strictly incr., diff., bi-Lipschitz; p;: (convex) primitive.

e We supplement
X; —Au=f inQx(0,7T),
X, — AX + X2 — X = pi(u) inQx(0,7),
with the initial condition X(-,0) = Xy and the Neumann b.c.
O, X=0 and Jyu=g inl x(0,7),
for some g : I' x (0,T) — R.



A bilipschitz mobility law

e If f and ¢ fulfil the compatibility condition

/ flx, t)dx + /g(s,t)ds =0, t e (0,7),

then any solution X of
Xe —Au=f inQx(0,7),
Xy — AX + X2 =X = pi(u) inQx(0,7),
X(0)=Xg on, 9,X=0, dyu=g inl x(0,7T),
enjoys the physically significant conservation property
m(X(t)) =m(Xy) Vtel0,T]
(multiply the first equation by 1).



Problem formulation

e Consider the spaces
H:=LQ), V=H(Q), W:={veH Q) : d,v=0},
with the dense and compact embeddings W Cc VC H=EZH c V' ¢ W',

e Consider the realization of the Laplace operator with homog. N.B.C.,
A: V=V (Au,v) ::/Vquda: Yu,v e V.
Q

e The inverse operator A™! is defined for the elements v € V' of zero
mean value m(v) . Take on V and V' the equivalent norms:

lull? := (Au,u) + (u,m(u)) Yu eV
v]|3 == (v, A" (v — m(v))) + (v,m(v)) VveV'



A first well-posedness result

Problem P;. Given the data Xy € V, f € L*0,T;V’), g €
L0, T; H-Y2(I)), define F' € L?(0,T:; V") by

(F(t),v) == (f(t),v) + (g(t),v)r Vv eV, forae te(0,T).

Find X € L®(0,T; V)N HY0,T; H) N L2(0,T; W), u € L2(0,T;V)
s. t. X(0) = Xy and

OX+ Au=F inV'foraete (0,7T),
OX +AX +X°> — X = pi(u) in H forae. tc(0,T).

e Neumann boundary conditions for X and « in the formulation!

Thm. [R., CPAA ’04] Problem P; has a unique solution.




Proof of existence: approximation

Existence for the approximate problem For every v > 0 and
data Xo, € V. and wug, € H Vv > 0, 3J(X,, u,) with u, €
L0, T;V)NH'Y(0,T; V"), X, € L*(0,T; W)NL*>®(0,T; V)NH'(0,T; H)
and
vouu, + 0 X, + Au, = F  in V' forae.t € (0,7T), (1,)
OX, + AX, + X3 — X, = p1(u,) in H forae. t € (0,7), (2,)
ul/(°7 O) — Ugy, XI/(°7 O) — X(),/.
Idea of the proof:
e examine (1,) and (2,) separately: existence and continuous depen-
dence on the data for each:

e construction of a solution operator T, for the system;
e fixed point argument for 7, = 31X, u,).



Proof of existence: a priori estimates

1/2

Suppose Xg, — XoinV, and v/*|lug,|g — Oasv | O:

— find estimates on {(X,,u,)},...

e First a priori estimate: test

¢
/ (V@tuy + OX, +|Au, |= F X ,01(Uu)> ;
0

t
/ (DX, + AX, + X — X, = p1(u,) X X, )
0

t
whence V/p/\l(uy)—i— J(v(ul/)yv(pl(ul/)))l‘[ ‘|‘/ |atXu‘%{
Q 0

(ixi — %)@) = (initial data) + /;(F, p1(u)).

1 2
+ V0@ + [

Q



e Estimates for X, :

e Crucial: by oy > m; >0

fs (¥

Xl o, mynze 0,73y < €

(p1 is Lipschitz),

mwmzmﬂwmmw{

= ||p1(u,)

— m(p1(w)) ||l L2001y < C;

m(p1(u,)) is estimated from (2,);
—> estimate for p;(u,) in L*(0,T; V)!!

e Estimate for U, (WLOG, P1 (O) = O) by Oéll < Ml:

\mmmﬁdymmmmmmmwm

t
Second estimate: / (ué’tu,, + X, +|Au, | = F X u,,) 7
0

— U

1/2

||Uz/||LOO(O,T;H) + HUVHLQ(O,T;V) =+ VHatuz/HL?(o,T;V') < (.



Proof of existence: passage to the limit

Despite the lack of coercicity in u, due to the b.c.,
by the Lipschitz continuity of a; we estimate u, in terms of pq(u,)!!

e By the priori estimates and weak compactness results J(u, X) :
X,—*X in H(0,T; H)NL*(0,T; V)N L*(0,T; W)
X, — X inC%]0,T); H)NL*0,T;V),
u, = u in L*0,7;V), vu,—0 in L>®(0,T;H)
vu, — 0 in H'(0,T;V").

e Passage to the limit (in the nonlinear term p;(u,)) by monotonicity.

The pair (u, X) solves (the variational formulation) of Problem P!




Proof of uniqueness

o Let Xy (uy) and Xy (us) be two solutions to Problem Py, set

Xile — XQ U = Uy — Us.

e Aim: proving that X =0, u = 0.

e Technique: deduce Gronwall estimates from the equations for (X, u) :

OX+Au=0 inV'" ae.in (0,7),
OX +AX 4+ X2 = X5 — X = p1(u1) — p1(ug) in V' ae. in (0,7),



Main estimate (same technique for continuous dependence!!!):

/Ot (atx +Au=0 x A (py(uy) — p1(ug) — m(py(uy) — pl(uQ))))

/t (atx FAX+ X = X3 — X = p1(w) — p1(ug) X A—l(atx(t)))

e Technical: interplay A/ A~! to deal with coupling terms;
e Substantial: use the bi-Lipschitzianity of «/; to estimate u:

— m / o1 () — pa (uz) [ + / 102+ () <

(/ p1(u1) — pa(uz)|3 + /W?{)
0, u=

:}X_



A singular mobility law

Suppose that o = a5, with
g @ (a,+00) — R strictly increasing, differentiable, lim as(r) = —o0,

rla
dmgy >0 st. mo <y (r) Vr>a.
Then, ps is strictly incr., diff., Lipschitz; but not bi-Lipschitz!!

Xy —Au=f inQx(0,7),

X; — AX +X° — X = pa(u) inQx(0,7),
supplemented with the initial cond. X(-,0) = X and the Robin b.c.
O X=0 and J,u=—wu+h inl x(0,7),

for some w >0and h: ' x (0,7) — R.



A singular mobility law

e To fix ideas, think of |ay(r):=r—2%,r >0 (GVCHE) is the

formal limit as ¢ | 0 of

1
Eﬁt—l—Xt—A(Qg—E):f,

1
xt—Ax+x3—xz—5,

I.e., the Penrose-Fife system with special heat flux law!

e Third type boundary conditions on u are unusual for Cahn-Hilliard
equations (no more conservation property for X, different phys. in-
terpretation), but here compensate for the singularity of as by
providing coercivity for u.



Problem formulation

e Introduce the operator J : V — V'
(Ju, v) 3—/Vu-Vv+w/uv Vu,v e V.
2 r

By Poincaré’s inequality, the operator J is coercive on V/

estimate for |, (Jv,v),, = estimate for ||v||y!

e A is coercive only on the subspace of V' of elements of zero mean
value:

estimate for |, (Av,v),, # estimate for ||v||y,

need for an estimate of m(v), too!!



A second well-posedness result

Problem Ps5. Given the data Xy € V, f € L?(0,T;V'), h €
L0, T; H-Y2(I)), define G € L(0,T:; V") by

(G(t),v) := (f(t),v) + (h(t),v)r Vv eV, forae te(0,T).

Find X € L®(0,T; V)N HY0,T; H) N L2(0,T; W), u € L2(0,T;V)
s. t. X(0) = Xy and

OX+ Ju=G inV' foraete(0,7T),
OX + AX +X> — X = pa(u) in H forae. tc (0,T).

e Third type boundary conditions for u in the formulation!

Thm. [R., CPAA ’04| Problem P, has a unique solution.




Proof of existence

Well-posedness for the approximate problem Given the approx-
imate initial data {(Xo,,u0,)} € V x H, we construct (same fixed
point technique!!) (X, u,) fulfilling w,(-,0) = ug,, X,.(-,0) = Xo,,

posuy, + 0 X, +| Ju,|=G in V' forae.te(0,7T), (1,)
OX, + AX, + X — X, = pa(u,) in Hforae te(0,T). (2,)

A priori estimates:

/0 (1,) % [, + pau,)])

¢
/ ((24) x 0Xy) = Xl m 0,00 0mv) < C
0



Proof of existence

e [Note that
t
/vﬁmvasc 5 Jullzer < G,
0

t
| vty <€ = lloa(w)lizoray <€ (pa lipschita
0

e No need to estimate m(u,) by m(p2(u,)) (which is no more pos-
sible, as a5 is not Lipschitz!)

e Conclusion of the proof: extraction of converging subsequences;
passage to the limit by monotonicity arguments.



Uniqueness and regularity

e Analogous estimates as in the bi-lipschitz case yield continuous
dependence on the data of the solutions!

e A regularity result: [R., CPAA ’04] Further regularity for
fe HW(0,T:V"), he HY0,T;H Y2T)), Xo€ H}Q)NW.

Then, the unique solution X to Problem P4 fulfils

X € H2(0,T; H) N Wt (0, T: V)N HY(0,T; W) N L=(0,T; H3()).

Idea of the proof: prove further regularity for the approximate so-
lutions, then pass to the limit.

e Here, third type boundary conditions are crucial in the estimates
(argument not adaptable to Neumann boundary conditions!)



