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Abstract

This paper is devoted to the analysis of a one-dimensional model for phase transition phe-
nomena in thermoviscoelastic materials. The corresponding parabolic-hyperbolic PDE
system features a strongly nonlinear internal energy balance equation, governing the
evolution of the absolute temperature 1, an evolution equation for the phase change pa-
rameter X, including constraints on the phase variable, and an hyperbolic stress-strain
relation for the displacement variable u. The main novelty of the model is that the
equations for X and u are coupled in such a way as to take into account the fact that
the properties of the viscous and of the elastic parts influence the phase transition phe-
nomenon in different ways. However, this brings about an elliptic degeneracy in the
equation for u which needs to be carefully handled.

First, we prove a global well-posedness result for the related initial-boundary value
problem. Secondly, we address the long-time behavior of the solutions in a simplified
situation. We prove that the w-limit set of the solution trajectories is nonempty, con-
nected and compact in a suitable topology, and that its elements solve the steady state
system associated with the evolution problem.
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1 Introduction

In this paper we study the initial boundary-value problem for the following PDE system

19t+Xt29*A19: \Xt|2+X]5(ut)|2+g in O x (O,T), (11)
2

X — AX+ W) =9 — 0, + EO 0 0,7, (1.2)

uy —div (1 = X)e(u) + Xe(wy)) =f in Q x (0,7), (1.3)
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which has been recently introduced by Michel Frémond in [15] in order to model phase
transition phenomena in a viscoelastic material occupying a bounded domain Q C R,
N =1,2,3, subject to thermal fluctuations during a time interval [0,7]. The state variables
are the absolute temperature ¥ of the system (9. being the equilibrium temperature), and
the order parameter X (see [14, p. 5]), standing for the local proportion of one of the two
phases, which have different viscous/elastic features. For example, in a melting-solidification
process one has X = 0 in the (elastic) solid phase, and X = 1 in the (viscous) liquid phase.
The symbol u denotes the vector of the small displacements.

We refer to [15] and [26, Sect. 2] for the derivation of system (1.1-1.3) according to
Frémond’s modelling approach to phase change phenomena in mechanics. Without going
into details, here we just point out that (1.1) is the internal energy balance equation, g
being a known heat source. Likewise, equation (1.3) is the classical balance equation for
macroscopic movements (also known as stress-strain relation), and accounts for accelerations
as well. As usual, with €(u) we denote the linearized symmetric strain tensor, given by
gij(a) := (w2 +uj2)/2, 1,5 =1,2,3 (here (-), stands for the space derivative of (-)), while
the symbol div denotes the vectorial divergence operator. Further, the term f on the right-
hand side may be interpreted as an exterior volume force applied to the body. Following
Frémond’s perspective, (1.1) and (1.3) are coupled with (1.2), the equation of microscopic
movements for the phase variable X, in which W’ is the derivative of a generally nonconvex
energy potential, and |e(u)|? is a short-hand for the colon product e(u): e(u).

The latter term, on the one hand, and the terms in X occurring in the stress-strain
relation, on the other hand, give the coupling between (1.2) and (1.3). What is more, they
highlight what we believe is the most peculiar feature of system (1.1-1.3) in comparison
with other phase change models: namely, that the viscous and elastic properties of the
physical system are given distinguished role, in order to account for their influence on the
phase transition. From the analytical point of view, one of the elliptic operators in (1.3)
becomes degenerate when either the viscous or elastic effects prevail and, accordingly, X = 1
or X = 0. This, as we shall see later, is one of the main mathematical difficulties attached
to the analysis of (1.1-1.3).

Indeed, in most models for phase change phenomena the equation for macroscopic
movements is neglected, even within the modelling approach developed by Frémond (see [9,
29, 23]). Instead, in the papers [4, 5] the focus is on the analysis of a model for thermo-
viscoelastic systems not subject to phase transitions: the related (highly nonlinear) PDE
system couples a linear viscoelastic equation for the displacement u and an internal energy
balance equation for ¢, while the equation of microscopic movements is not considered.
The model is analyzed in [20] and in [21] pertains to nonlinear thermoviscoplasticity: in
the one-dimensional (in space) case, the authors prove the global well-posedness of a PDE
system, incorporating both hysteresis effects and modelling phase change, which however
does not display a degenerating character. Degenerating phase parameters appear in models
for damaging phenomena, see [6, 7, 8]. In this case, the phase variable X is related to the
local proportion of damaged material. Hence, X is forced to take values in [0, 1], with the
convention that X = 0 when the body is completely damaged, and X = 1 in the damage-free
case. Hence, in [7, 8] the equation for macroscopic movements has a degenerating charac-
ter related to the parameter X, which is however different from the one in (1.3). For, in
their case the coefficients of the elliptic operators in the stress-strain relation vanish only
as X \, 0, contrary to the twofold degeneracy of equation (1.6c), which we shall further
comment later on. Within this framework, in [7, 8] local in time well-posedness results are
proved for the resulting PDE system.
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In the very recent paper [26], we proved a local in time well-posedness result for the
initial-boundary value problem associated with (1.1-1.3), in the three-dimensional case, but
neglecting the quadratic dissipative contributions on the right-hand side in (1.1). Hence, the
internal energy balance equation we considered in [26] reads

2975 + Xt19 — A9 = g in ) x (O,T) (14)

Let us note that this simplification is completely justified in the framework of the so-called
small perturbations assumption, see [16]. Further, in [26] we also proved a global in time
well-posedness result for system (1.2-1.4) in the one-dimensional case.

In this paper, we carry on the investigation initiated in [26]: again, we restrict our
analysis to the 1D case, thus assuming that

Q=(0,0), (>0, (1.5)

but we consider the full system (1.1-1.3) and prove a global in time well-posedness result
for the related initial-boundary value problem, in a suitable functional framework. Next, we
investigate the long-time behavior of the solutions to the simplified PDE system (1.2, 1.3, 1.4).

In the framework of (1.5), we shall hereafter suppose that the displacement variable
u is scalar, just for the sake of simplifying the notation throughout the paper. Indeed, as the
calculations carried out in [26] (where we kept the variable u vectorial in the one-dimensional
case as well) show, in the analysis of the stress-strain relation there is no significant difference
between the vectorial and the scalar case. Hence, we end up with the following PDE system

Dy + X0 — 92,0 = g + |X¢|* + X|0pws|*  a.e. in (0,£) x (0,7), (1.6a)
Xo— X+ W(X) = 0 + %]&;U!Q ae in (0,0) x (0,7), (1.6b)
Uyt — Op (XOzus + (1 — X)0zu) = f a.e. in (0,¢) x (0,7, (1.6¢)

which we complement with the boundary conditions

u(0) =u(l) =0 on (0,7), (1.7)
0,X(0) = 9,X(¢{) =0 on (0,7),
0,9(0) = 0,9(¢) =0 on (0,7),
and the initial conditions
¥(0) =93¢ in (0,7), (1.10)
X(0) = Xo in (0,0), (1.11)
u(0) =ug, w(0)=wvy 1in (0,7), (1.12)

Y9, Xo, uo, and vg being suitable known initial data for the problem.

As we mentioned before, the main challenges in the analysis of system (1.6a—1.6¢) are
related to the twofold degenerating character of equation (1.6¢) and to the nonlinear features
of equations (1.6a)-(1.6b), given by the quadratic terms [X¢|?, X|0u¢|?, X; 0, 1/2|0,u|?,
and by the nonmonotone, possibly nonsmooth term W'(X). In particular, throughout the
paper we shall suppose that the potential W is given by the sum of a smooth nonconvex
function 3 and of a convex function 3, with domain contained in [0,1] and differentiable
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in (0,1). Note that, in this way, the values outside [0, 1] (which indeed are not physically
meaningful for the order parameter X, denoting a phase proportion), are excluded. A crucial
assumption for our analysis shall be that § is “sufficiently” coercive at the barriers 0 and 1,
namely

lim 3'(r) = —oc0, lim 3 (r) = +o0. (1.13)

r—0+t r—1-
Typical examples of functionals which we can include in our analysis are the logarithmic
potential

W(r):=rln(r)+ (1 —7)In(l —7) —c1r®> —cor —e3 Vr € (0,1), (1.14)

where ¢; and cg are positive constants. Exploiting (1.13) and suitable comparison and
maximum principle techniques (see [24] and Lemma 3.1 later on), we shall prove that, if the
initial datum Xy of the phase parameter is separated from both potential barriers, namely
in X > 0, ax X <1,
2y o) 2y ol

then there exist constants §, (r € (0,1) ({r also depending on the final time 7" > 0) such
that

X(z,t) > 08, X(x,t)<{r  V(x,t) €][0,€] x[0,T], (1.15)

i.e. the solution component X stays globally away from the potential barriers. Separation
inequalities of this kind have been obtained in other papers on the analysis of phase transition
models, see [17, 18, 24]. In fact, (1.15) rules out the degeneracy of both elliptic operators
in (1.6¢) and allows us to prove our global existence and uniqueness Theorem 1 by carefully
combining (1.15) with an extension procedure for local solutions to (1.6a—1.6¢).

Due to the troublesome nonlinearities on the right-hand side of (1.6a), we are able to
perform the long-time analysis of the simplified system (1.6b, 1.6¢, 1.16), where the internal
energy balance is

Iy + X0 — 92,0 =g ae. in (0,£) x (0,7T). (1.16)

In Theorem 2, we shall prove that the w-limit set (i.e., the set of the cluster points in
some suitable topology) of the solution trajectories (J(t),X(t),u(t))tc(0,4-00) is nonempty,
connected and compact, and that its elements solve the stationary system corresponding
to (1.6b, 1.6¢c, 1.16). A crucial step for showing this consists in observing that the first
inequality in (1.15) extends to (0,+00), namely that

X(x,t) > 6 Y (z,t) € [0,¢] x [0,+00), (1.17)

see Proposition 4.1 later on. On the contrary, the second of (1.15) does not hold globally
on (0,+00), see Remark 4.2. This is the main technical point preventing us from improving
our long-time results for (1.6b, 1.6¢c, 1.16). Indeed, in order to prove the existence of the
global attractor for bundle of trajectories, rather than for a single trajectory, of system (1.6b,
1.6¢c, 1.16), we would need to strengthen our large-time a priori estimates on the solution
component u (cf. with Proposition 4.1). However, it seems to us that better large-time
estimates on w cannot be obtained, if one relies on the sole (1.17). The same technical
drawback makes it difficult to implement Lojasiewicz-Simon procedures (cf. 28] and [13]), in
order to prove the convergence as t — 0o of the whole trajectories (9(t), X(t), u(t))te(0,400)
to the elements of their w-limit. Note that such techniques have been successfully exploited
in the study of the convergence of equilibrium of some phase field systems, see e.g. [1, 12, 17].
In fact, we believe that the study of the long-time behavior of (1.6b, 1.6¢, 1.16), both in the
direction of global attractors and of Lojasiewicz-Simon-type results, is an interesting open
problem.



Rocca—Rossi 5

Plan of the paper. In Section 2, we set up some notation and introduce a suitable
variational formulation of the initial boundary-value problem for the full PDE system (1.6a—
1.12) (cf. Problem 1). Hence, we state our main results, regarding the global well-posedness
(in finite time) of the latter problem (which we prove in Section 3), and the analysis of the
w-limit associated with the solution trajectories of the simplified system (1.6b, 1.6¢, 1.16),
which we perform in Section 4.

Acknowledgement. We wish to thank Hana Petzeltova for her careful reading of the
paper and her very useful suggestions.

2 Main results

Notation. Given k € {1,2}, we shall consider the Sobolev spaces

HE(0,0) := {v € Wh2(0,0) : v(0)=v(f) =0},

HY(0,0) := {v e WF2(0,0) : 0,0(0) = dpv(£) =0},
both endowed with the norms of W*2(0,¢). Furthermore, we shall identify L2(0,¢) with
its dual space L2(0,¢), so that H*(0,¢) — L2(0,¢) < H'(0,¢)" with dense and continuous
embeddings. We shall use the symbols || - || and (-,-) for the norm and scalar product on
L2(0,0), while (-,-) shall stand both for the duality pairing between H'(0,¢) and H'(0, )

and for the duality between H~'(0,¢) and H}(0,¢). Given v € H'(0,¢)’, we shall use the
notation m(v) := (v, 1) for its mean value. Finally, we recall that

H'Y(0,0) € L>(0,¢) with a compact embedding, (2.1)

H%(0,0) € WH(0,¢) with a compact embedding . (2.2)

Combining this with the continuous embeddings L>(0,¢) C L*(0,¢) and W1(0,¢) C
H'(0,¢) and recalling [22, Lemma 5.1, p. 58], one has

¥e>0 3C.>0: Yoe HY(0,0) |[v]reqe < ellvllmoe + Cellvll, (2.3)

Ve>0 30> 00 Ywe H0.0) [l < clvlieon + Celwlmey . (24)

In order to state the variational formulation of the Cauchy problem for (1.6a-1.9),
we need to introduce the following operators:

1. for a given measurable function 7 : (0,£) — [0,1], we define H(n-) : H(0,¢) —

H=Y0,¢) by
l
o)) i= [ nowwo.w Vo, we HYO.0)
0

2. A : HY(0,0) — H(0,0)", realizing the Laplace operator —d2, with homogeneous
Neumann boundary conditions, defined by

(Au,v) = (0pu, 0pv)  Yu,v € HY(0,0);

3. the duality operator J := A+1: HY(0,¢) — H'(0,¢)" (I being the identity operator):
in the sequel, we shall make use of the relations

(Ju,u) = ”uH%ﬂ(O,Z) Yu e HY(0,0), <J_1v,v> = HU||§{1(07£), Yo e HY0,0). (2.5)
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2.1 A global well-posedness result in [0,7] for the full system

We now enlist our assumptions on the problem data:

g € L*(0,T; L*(0,£)) N L*°(0,T; H' (0, ¢)"),

g(z,t) >0 fora.e. (z,t) € (0,¢) x (0,T), (2:6)
f € L*0,T;L%0,0)), (2.7)
Yo € H'(0,¢) and mlél[glz] Yo(x) >0, (2.8)
Xo € H%(0,4), (2.9)
uop € H3(0,0), wo € Hy(0,4). (2.10)

As for the potential W, we require that
W=3+7, (W1)

where

7 € C%([0,1]), with derivative v := 7/, (W2)

dom(a) =[0,1], and B : dom(ﬁ) — R Ls.c., convex, differentiable in (0,1). (W3)

Henceforth, we shall denote by § the derivative B’ , and further assume the “coercivity”
conditions

lim B(z) = —o0, lim B(x) = +o0, (W4)
z—07F z—1-
and that
for all p > 0 f is a Lipschitz continuous function on [p, 1 — p]. (W5)

Note that (W4) (which corresponds to the strong coercivity condition of [17]), in fact rules
out the case in which § is the indicator function of [0, 1], but is fulfilled in the case of the
logarithmic potential (1.14).

Our next assumption then ensures that the initial datum Xy is “separated from the
potential barriers”:

in X >0, X <1. 2.11
S .

We are now in the position of stating the variational formulation of the initial-
boundary value problem for (1.6a—1.6c).

Problem 1. Find (¢,X,u) with
9 € L(0,T; Hy(0,0)) N L>(0,T5 H'(0,0)) N H'(0,T; L*(0,£))

Nwhee(0,1; HY(0,0)), (212)

X € L°(0,T; H3(0,0) n HY(0,T; H'(0,£)) n Wh(0,T; L*(0,¢)) , (2.13)

u € HY(0,T; H3(0,0)) nWH(0, T; HL(0,0)) N H?(0,T; L*(0,0)), (2.14)
complying with initial conditions (1.10)—(1.12), equations

Dy + Xe + A9 = g + X2 + X|0pue|*  ace. in (0,€) x (0,T), (2.15)

X¢ 4+ AX + B(X) +y(X) =9 + %\fmﬁ a.e. in (0,4) x (0,T), (2.16)

u + H((1 — X)u) + H(Xuz) = f a.e. in (0,0) x (0,7, (2.17)
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and such that

min Iz, t) >0, min X(z,t) >0, max X(xz,t) <1. (2.18)
(z,t)€[0,4]x[0,T] (z,t)€[0,6]x[0,T1] (z,t)€[0,4]x[0,T]

The following result, stating the global well-posedness of Problem 1 on the interval [0, 7],
extends [26, Thm. 2].

Theorem 1. Assume (2.6)-(2.10), (W1)-(W5), and (2.11). Then, there exist constants

1. § € (0,1), depending on the potential W and on the initial datum X,
2. (r € (0,1), depending on W, on Xo, and on the final time T,

3. 01 >0, depending T' and on the problem data,

and a triple (¥,X,u) solving Problem 1, such that the ¥ and X components fulfil

X(z,t) >8>0 V(x,t) €0, x[0,T], (2.19)
X(z,t) < Cr <1 Y(z,t)€[0,4 x[0,T], (2.20)
Hx,t) > 607 >0 VY (x,t)€[0,4] x[0,T]. (2.21)

Moreover, the triple (9,X,u) is the unique solution to Problem 1 and depends continuously
on the initial data, on g, and on f, in the sense specified by Proposition 3.8. Finally, X
has the further regularity

X € H*(0,T; H'(0,0)"). (2.22)

2.2 Results on the long-time behavior of solutions

We now state our main result on the long-time behavior of the solutions to (the initial-
boundary value problem for) system (1.6b, 1.6¢, 1.16), whose variational formulation reads

Problem 2. Find (9,X,u), with the regularity (2.12)—(2.14), fulfilling (2.18), initial condi-
tions (1.10)—(1.12), equations (2.16)—(2.17), and

Y+ X0+ Ad =g a.e. in (0,£) x (0,T). (2.23)

Henceforth, we shall further require that

g € L*(0,+00; L(0, 1)), g(z,t) >0 for a.e. (z,t) € Q x (0,+00), (2.24)

f € L*(0,+00; L*(0, £)). (2.25)
Remark 2.1. Theorem 1 and (2.24)—(2.25) guarantee that for every triple (Jo, Xo, up) ful-

filling (2.8)—(2.10) and (2.11) there exists a unique solution (9, X, u) : [0, +00) — H(0,¢) x
H'(0,¢) x H}(0,€) to Problem 2 starting from (9o, Xo, up)

Given an initial triple (Jg, Xo, up) fulfilling (2.8)—(2.10) and (2.11), we recall the definition
of the w-limit of the associated solution trajectory (9(t),X(t),u(t)) in the space H'(0,£) x
H(0,0) x H}(0,):
w(W, X0, o) = {(Doos Xoos Uso) € H(0,£) x H'(0,£) x HL(0,0) :
Aty 00+ (Ftn), X(tn), u(tn)) = (Foos Xoo, Uso) (2.26)
in H'77(0,6) x H'7"(0,£) x Hy~"(0,¢) Yv € (0,1)}.

Our next results concerns the structure of the set (2.26).
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Theorem 2. Assume (W1)—(W5) and (2.24)—(2.25). Let (99, Xo,ug) be an initial triple
fulfilling (2.8)—(2.10) and (2.11). Then,

1. w(¥o, Xo,uo) is a nonempty, compact, and connected subset of the following product
space
H'™7Y(0,0) x H77(0,€) x Hy " (0,¢)

for all v € (0,1). Moreover, there exists a constant (o € (0,1) such that every
(Do, Xoos Uso) € w(Wo, Xo,ug) solves the stationary problem

AV =0 a.e. in (0,4) (2.27)
AXoo + (Xoo) + 7(Xso) = Voo a.e. in (0,0), (2.28)
Uoo =0 a.e. in (0,0), (2.29)
and fulfils

in ¥ao(z) >0, in Xoo(z) >4, Xoo(2) < Cop - 2.30
in, Yoo() 2 in, Xoo() Joax Xoo(w) <€ (2.30)

In particular,
3o € [0, +00) such that Voo(x) = Voo for all x € [0,7)]. (2.31)

2. In addition, if

W' = B+~ is strictly increasing in (0,1), (2.32)

for every (9o, Xoo,0) € w(o, Xo,up), the component Xoo is also constant on (0,¢)
and B
Xoo(2) = (B+7)7 () Vae[0,4]. (2.33)

Remark 2.2 (Further regularity of solutions). If, besides (2.8) and (2.24), we further sup-
posed that

Yo € HY(0,0), g€ L®(0,+00;L*(0,£)),  g: € L*(0,+00; L*(0,0)), (2.34)

arguing in the same way as in the proof of [26, Lemma 5.6] we could obtain an estimate
for HﬂHLoo(O’JrOO;H]zv(M)) and || 9¢]2(0,4-00,H1(0,¢)) - In this case, we would conclude that the
projection on the first component of the set w(do, Xo,uo) is in fact in H%(0,£), and that
the elements of w(¥g,Xo,up) are cluster points for the trajectory w.r.t. the topology of
H?77(0,0) x HV(0,£) x Hy~"(0,¢) for all v € (0,1). Moreover, let us note that it is
possible to prove (by means of a bootstrap argument) that the solutions ¥, and X to
the stationary problem (2.27)—(2.28) are of class C*°([0,/]) and so the equations (2.27) and
(2.28) hold true for all = € [0,¢].

3 Proof of well-posedness for Problem 1 on [0, 7]

3.1 Strategy of the proof of Theorem 1

In order to prove the existence of a global solution to Problem 1, we shall combine a Schauder
fixed point argument (yielding the existence of a local solution), with a careful extension
procedure.
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First step: existence of a local solution. Using (2.11) and (W4), we fix a constant ¢ >
0 such that

Xo(x) >6 >0 and W'(5) <0, (3.1)

and we consider the truncated PDE system

9y + X0 + A9 = g + [X¢|* + X|0pwe|*  ace.in (0,£) x (0,T), (3.2a)
e+ AX £ BO) +7(X) = 0 + %|8xu]2 ae in (0,0) x (0,T), (3.2b)
u + H((1 — X)u) + H(Ts(X)u) = f a.e. in (0,¢) x (0,7), (3.2¢)

where Ty is the truncation operator defined by
Ts(r) := max{r,d} VreR. (3.3)

Note that here the degeneracy of the main part of the elliptic operator is ruled out.

_Using the Schauder fixed point theorem, we shall prove the existence of a local solu-
tion (¥, X,u) to the Cauchy problem for system (3.2) on some interval [0,7p], enjoying the
regularity (2.12)—(2.14), the positivity properties (2.18), and fulfilling

X(z,t) >8>0 Y(xt)el0,4x][0,Ty, (3.4)

max X(z,t) <1.
(z,t)€[0,€]x[0,T0)

As we shall see (cf. Remark 3.2 later on), the two separation inequalities have a different
character. In particular, the second one depends on the L°°(0,¢) norm of the right-hand
side of (3.2b), hence it forces an appropriate choice of the functional setting for the fixed
point argument, see (3.7).

Thanks to (3.4), we shall conclude that the triple (3,/\,17) is in particular a local
solution to Problem 1.

Second step: extension procedure. After finding a local solution (ﬁ, ?,ﬁ) to Prob-
lem 1, we shall prove the existence of a global solution by a technique which is essentially
tailored to extending to the whole interval [0,77] the local solution (9, X, @) along with the
separation inequalities (2.19)—(3.5) (see the notion of ¢-separated solution later on). This
procedure shall be developed at length in Section 3.3 and substantially relies on some global
estimates, proved in Lemma 3.7.

3.2 The Schauder fixed point argument

We construct the Schauder operator associated with system (3.2) in three phases: we start
by solving (3.2b) with ¥ and u fixed, then proceed to solving (3.2¢) with X fixed, and finally
tackle (3.2a) with data X and w from the previous steps.

We fix t € (0,7] and R > 0, with

R > 2[[9o]| o (0,0) - (3.6)
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and consider the balls
Oy := {9 €L°°(0,t; L>(0,¢)) N H'(0,t; H'(0,£)') :
190l Lo (0,625 (0,00 (0,512 0,00y < R, 9> 0 ae.in (0,£) x (0,1)}, (3.7)
1,00 .
Uy = {u e H'(0,5W™(0,0) Nl g gmwi =0y < R}.
Henceforth, we shall denote most of the positive constants, occurring in the calculations and

depending on the problem data but not on t, by the same symbol C (whose meaning may
vary even within the same line).

First, we have the following result.

Lemma 3.1. Assume (2.9), (W1)~(W5), and (2.11). Then, there exist constants M; > 0
and Cg € (0,1), depending on R and on the problem data but independent of t € (0,77,
such that for all (9,u) € Oy Xx Uy there exists a unique X, with

X € CO([0,t]; H%(0,€)) N H'(0,t; H'(0,£)) nWh>°(0,t; L*(0, £))

NH?(0,t; H'(0,0)), (38)
fulfilling initial condition (1.11), the equation
Xe 4+ AX + B0X) +7(X) = T + %|axm2 ae. in (0,0) % (0,1), (3.9)
the separation inequalities
X(z,t) > >0 Y (z,t) € 10,£] x [0,t], (3.10)
X(z,t) <(r <1 Y (z,t) €10,¢] x [0,t], (3.11)
and the estimate
X Loo (0,812, (0,0)) M EY (0, E (0,0)n W12 (0,4 L2 (0,0)) N2 (0,1 E (0,0)) < M- (3.12)

PROOF.  In view of our choice (3.7) of the fixed point setup, for every (J,u) € O x Uy the
term on the right-hand side of (3.9) (which shall be denoted as w throughout this proof) is in
L*>°(0,t; L*>(0,¢)) . Hence, we may for instance apply [11, Lemma 3.3] (based on the theory
of maximal monotone operators in Hilbert and Banach spaces, see [10, 3]) and conclude that
the Cauchy problem for (3.9) has a unique solution

X € L*(0,t; H%(0,0)) N CO([0,t]; HY(0,€)) n HY(0,t; L*(0, 7)) . (3.13)

Our argument for proving (3.11) is the same as in the proof of [24, Cor. 2.1], nonethe-
less we shall detail it here for the sake of readability. We set

* q 1 —
H*(t) = [0(t) + 510500l 10, € (01)
and consider the first order ODE associated with (3.9), having H* on the right-hand side,

y'(t) + Byt) + (@) = H(t), te(0,t), (3.14)
which we supplement with the condition

= X . 1
(0) = max Xo(a) (3.15)
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We fix a constant (g € (0,1) such that

max Xo(z) < (g, (3.16)
z€[0,4]

1
W'(Cr) = 5lluolliyroeqo + B+ R? (3.17)

(note that such a constant exists thanks to (W4) and the second of (2.11)), and multi-
ply (3.14) by (y(t) — Cg)". Upon integrating in time, we find that for all ¢ € (0,t)

L — )2 + / (By(s)) — BCR)) (y(s) — Cr)*ds = L1((0) — cr)* |1
2 0 2 (3.18)

- /0 (VW (5)) = 7(CR)) (W(s) — Cr)* ds + /0 (H*(5) - W/(Cr)) (u(s) — Cr)* ds.

Note that the second term on the left-hand side of (3.18) is nonnegative by the monotonicity
of 5. On the other hand, for all ¢ € [0,t] we have

N — 1. — 1.
H*(t) = [0(t) + 51050 [l 2=(0.) < 190)]| o (0.0) + T 100,09

1 b _ 1
< R+ 5 lluolliie o +/0 [llwr.oe 0, lTllwroe0.0) < B+ S lluollfyroe o) + B
< Wl((R):

due to (3.17), so that the last term on the right-hand side of (3.18) is nonpositive. Finally,
by (3.15) and (3.16) we find (y(0) — (r)* = 0. Hence, using v € C'([0,1]) we deduce from
(3.18) that

00 = P < Wl [ Mo - )| ds veelod, @)
0

and the Gronwall Lemma leads to (y(t) — Cg)T =0, i.e. y(t) < (g for all ¢ € [0,t]. On the
other hand, by the comparison principle for second-order parabolic equations, we conclude

Cr>y(t) > X(z,t) ¥Y(x,t) €]0,€] x [0,1],

and (3.11) ensues.

Although all calculations are developed in [26, Lemma 5.6], we shall sketch the proof
of (3.10), in order to highlight the differences with the argument for (3.11). First of all,
it does not rely on the comparison with an auxiliary ODE: we just directly test (3.9) by
—(X —§)” and integrate in time, concluding

1 R t NN t rl B o
1000 =071+ [ 1@atc=anE = [ 600 - o) -5)
1 3 t ol B

=5l =a I+ [ [ 00 —a@nec-a) (3.20)

- /Ot /OlZ <q9+ Slosl? - w’(a)) (x—0)".

Again, the third term on the left-hand of (3.20) is nonnegative due to the monotonicity of
B, whereas the first summand on the right-hand side is zero thanks to the first of (3.1), and
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the second term can be estimated in the same way as in (3.19). Finally, now the last term
in (3.20) is nonpositive simply thanks to the second of (3.1) and the positivity of J-+3||0,ul|?.
By the Gronwall Lemma, we likewise infer |(X(t) —¢d)~| =0 for all ¢ € [0,t], whence (3.10).

In order to conclude (3.12), we differentiate (3.9), add X; to both sides of (3.9),, test
it by J~'(Xy), and integrate in time. Taking into account (2.5), with standard calculations
we obtain

t 1 1 t 4 , , 3
[ el + gl < G+ | [ [ (00 +7/00) %7

t ol t ol
//xtj Lixy) //ﬁtJ Lixy)
0 Jo 0o Jo
"y
//(%uarutJ_l(Xtt) .
0o Jo

Now, the first summand on the right-hand side of (3.21) is estimated via

(3.21)

+ +

+

()% < C ([lAXoll + [18(X0) + ¥ (Xo) |l + [(0)]| + [@(0)]]) < €

thanks to (2.9) and (3.7); the second term is estimated by (3.13), while, in order to deal with
the third term, we exploit (3.10)-(3.11), which, joint with (W5), yield an estimate for 3'(X)+
7' (X) in L%°(0,t; L*°(0, £)) . The last two summands are estimated via [|[9¢]| 120+, 0,0y and
HHHHl(O,t;WOlA(O,é))' For all details, we refer the reader to the proof of [26, Proposition 4.5].
Hence, we infer

XN &2 0,61 0,0) ) w120 (0,1:22(0,0)) < C-

Arguing by comparison in (3.9),, we also conclude an estimate for AX; in L2(0,t; H(0,¢)"),
hence for X; in L?(0,t; H*(0,/)). Finally, a comparison in (3.9) yields that AX + 3(X) €
L>=(0,t; L*(0,€)). The monotonicity of 3 entails an estimate for AX in L>(0,t; L*(0,¢)),
hence, by elliptic regularity, X in L>°(0,t; H%(0,£)). O

Remark 3.2. As we have already mentioned, inequalities (3.10) and (3.11) have a different
character. The first one is a direct consequence of the weak maximum principle for par-
abolic equations and essentially relies on the positivity of the right-hand side of (3.9). The
second one has a quantitative nature, i.e. it holds with a constant (r depending on the
L>°(0,t; L°°(0,¢))-norm of the right-hand side of (3.9), and thus, ultimately, on the time
interval in which (3.9) is considered. Instead, the constant (3.10) is fixed right from the
beginning and, as we shall see, invariant in time: in this sense, we may say that (3.10) is a
global in time separation inequality.

Thanks to Lemma 3.1, for all t € (0,7 the solution operator 7; associated with the Cauchy
problem for (3.9) is well-defined on O x Uy, and takes values in the set

Xy := {X € L>(0,t; H}(0,£)) N H(0,t; H'(0,¢)) N W'>°(0,; L*(0,¢)) N H*(0,t; H'(0,¢)")

such that [|X| oo (0,412 (0,0))n 1 (0,611 (0,0)nW 1o (0.6,L2(0,0) N H2 (01 (0,0) < M1} -

We now solve (the Cauchy problem for) (3.2c), with fixed datum X € AX; (see [8,
Lemma 3.4] and [26, Lemma 5.3] for the proof).
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Lemma 3.3. Assume (2.7) and (2.10). Then, there exists a constant Ms > 0, only depend-
ing on R, on the constant ¢ specified by (3.1), and on the problem data, but independent
of t € (0,T], such that for all X € X, there exists a unique u with the reqularity (2.14),

fulfilling (1.12),
u + H((1 = X)u) + H(Ts(X)u) = f a.e. in (0,€) x (0,t), (3.22)
and the estimate

lll £ (0,612 (0,0) W20 (0,612 (0,0) N 20,6522 (0,0)) < M2 - (3.23)

Thus, also in view of (2.1), it is possible to associate with the Cauchy problem for (3.22) a
solution operator

To: X —UL = {u e HY(0,t H2(0,0) N W(0,t HE(0,0)) N H2(0,t; L*(0,0)) :

HUHH1(O,t;Hg(O,K))OWLOO(O,t;H&(Dl))ﬂHQ(O,t;L?(O,é)) < MQ} :

Our last auxiliary result concerns (the Cauchy problem for) (3.2a), with fixed X € X,
and 4 € Z/{f.

Lemma 3.4. Assume (2.6) and (2.8). Then, there exist constants Ms, g > 0, only de-
pending on R, on My, Ma, and on the problem data, but independent of t € (0,T], such
that for all (X,u) € X x Z/Itti there exists a unique function 9, with the reqularity (2.12),
fulfilling (1.10),

Dy + Xe? + AD = g + X2 + X| 001> a.e. in (0,£) x (0,1), (3.24)
9w, t)>0r >0  Y(z,t)€0,4] x[0,1], (3.25)
1911 220,612, (0,6)) Lo (0,4 . (0,0)) " Y (0,6:L2(0,0)nW o0 (0,517 0,0)) < M3 - (3.26)

ProOOF.  Since
X; € L*(0,t; H*(0,€)) N L*°(0,t; L2(0,4)), (3.27)

one has [X;|? € L1(0,t; L°°(0,£)) N L>(0,t; L*(0,£)), so that, by an interpolation argument
and trivial estimates,

IX;|? € L?(0,t; L*(0,£)) N L>(0,t; H*(0,£)) . (3.28)
In the same way, @; € L2(0,t; H3(0,£)) N L>=(0,t; H}(0,¢)) implies that
|0y 11¢|* € LY(0,t;1°°(0,€)) N L>=(0,t; L1(0,¢)),
whence, using that |[X|| g (t;200(0,0)) < C, we easily deduce
X [0z 0 |2 € L2(0,t; L2(0,£)) N L>(0,t; H(0,4)) . (3.29)

In view of (3.27)—(3.29) and (2.6)—(2.8), the assumptions of [2, Thm. 3.2] are satisfied, hence
there exists a unique

¥ € L?(0,t; H(0,£)) N C°([0,t]; L2(0,£)) n H(0,t; H'(0, £)") (3.30)
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satisfying (a suitably weak formulation of) equation (3.24), supplemented with the initial
condition (1.10). To infer the further regularity (2.12), we test (3.24) by ¥, integrate on
(0,t), and add the term 1/2||9(¢)||? to both sides. With straightforward calculations, we get

t 1 1 1
/ 191> + 5’\19(15)”%11(0,@) SiHﬁOH?{l(O,Z) + §||19”ioo(o,t;L2(o,4))
0 (3.31)

1 t
+ 20917200, 22(0,07) + 4/0 [0 + I + T2 + I3,

where, exploiting (2.1), (3.28), and (3.29), we get

t . t . 1 t
h= [ IR Wllmop 190 < C [ IR 19100+ [ 1907,
0 0 4 0
! v |2 1 ! 2 3 12112
B [P < [ 1900 + CIR P00 (332
t . ) 1 t )
b= [Rlo.aPl o < 0+ 5 [ ol
0 4 0

Collecting (3.31)—(3.32) and applying the Gronwall Lemma, we conclude an estimate for
¥ € L=(0,t; H*(0,¢)) N H'(0,t; L?(0,£)). With an easy comparison argument (taking into
account (3.28)—(3.29) and (2.6)) we first find an estimate for A9 in L2(0,t; L?(0,£)) (hence
for ¥ in L?(0,t; H%(0,¢))), and secondly for ¥ in L°°(0,t; H(0,¢)"). Therefore, (3.26)
ensues.

We conclude (3.25) by invoking a refined version of the maximum principle for par-
abolic equations proved in [19, Prop. 3.6, p. 10], which yields

9(z,t) > min Po(x) exp <— /0 %) | =0, ds) . (3.33)

x€[0,]

O

Therefore, we may introduce the associated solution operator
Ty : X x UP — OF :={9 € L*(0,t; H%(0,£)) N L®(0,t; H'(0,£)) N H(0,t; L*(0,£))

NWLe0,t; H(0,£)') : ¥ >0 a.e. in (0,£) x (0,t)
|WHL2(0,t;H12V(O,Z))ﬂLOO(O,t;Hl(O,é))mHl(o,t;L2(o,e))mwl,oo(o’t;Hl(07@/) < M3} .

The solution operator for system (3.2) is hence

T O x U — OF x U,
defined by
T (9, u) = (T3 (11 (%, u), T2 (T1(V,w))), To (T1(9,w))) for all (J,u) € O x Us.

Proposition 3.5. Assume (2.6)—(2.10), (W1)=(W5), and (2.11). Then, there exists 0 <
To < T such that
the operator T maps Or, X Ur, into itself. (3.34)

Further, T : Og, x U, — Or, X U, is compact and continuous with respect to the topology
of (L>(0,Ty; L>(0, £)) N H(0, To; H(0,0)")) x H(0, To; Wy >(0,£)).
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ProoF. For all t € (0,T] and (J,u) € O x Uy, we set (J,u) := T(J,u). It follows
from (2.4) and (3.23) that
Ve>03C:>0: Hu‘|H1(0,t;Wg»°°(o’g)) < EHuHHl(o,t;Hg(o,Z)) + CSHUHHl(O,t;Hg(O,Z))
<eM + C€t1/2HUHWL‘X’(O,t;H(}(O,Z))
< eMy + CtY2 M, .
Thus, choosing € < R/(4Ms) and, setting, accordingly, 7y = R*/(4M3C?), we conclude

that
V(ﬁ,ﬂ) S OTol X UTOI ||UHH1(0,T01;W01’00(0,€)) < R.

In the same way, by (3.26) we have
19 &1 0,51 (0,0)7) < t1/2||19”W17°°(0,t;H1(0,£)’) <tY2Ms, (3.35)
and, in view of (2.3), for every € > 0 there exists C. such that

[9(t) = Yol (0,0) < llV(E) — Dol 1 (o,0) + Cell9(t) — Vol
< e (II9)l Lo (0.6:m1 0.0) + 190l mr10.0)) + Ct 210 o z20.0)  (3-36)
<e(Ms+ |[9llgop) + Cet'/2 M3,

the last inequality ensuing from (3.26). Arguing as in the above lines and exploiting (3.6),
in view of (3.35)—(3.36) we find 7% € (0,7 such that

YV (0,7) € Ogz x U 191 oo 0,72, (0,000 (0,721 (0,0y) < B-

Therefore, (3.34) ensues upon taking Ty := min{7y, T¢}.

In order to prove that 7 is compact, we fix a bounded sequence {(J,,,)} C O, x
U, . Using the Ascoli theorem and other standard compactness results (see, e.g., [27]),
we find a subsequence and a limit pair (¢,u) such that the following convergences hold as

k /oo
—*9 in L>(0, Tp; L™(0,0)) N HY(0, Ty; H(0,0)"),

— 9 in C°0,To; H'(0,0)"),
Uy, —"T in H! (0, Tp; WI’OO(O’ 0)),
Uny, — 1 in C°(0, To; W'2(0,0)) for all p € (0,1].

T,
T,

(3.37)

On the other hand, setting X,,, := 71(9y,,Uy,) for every k € N, due to (3.12) we find
that {X,,} is bounded in L>(0, Ty; H3:(0,£€)) N H(0,To; H(0,£)) N Wh°(0, Ty; L*(0,£)) N
H?(0,Ty; H'(0,¢)"). Therefore, there exists X such that, up to a further subsequence,

X, —*X in L(0, To; H%(0,0)) N H(0, To; H(0,£)) N WH*°(0, T; L*(0,£))
N H?(0, To; H'(0,0)"), (3.38)
X, — X in C°(0, Ty; H*7P(0,0)) N WP(0, Ty; L*(0,£)) N CH(0, To; H'(0,£))

and (3.38) it is not difficult to infer

for all p € (0,2] and 1 < p < oo. Combining (3.37) an
= T1(9,u), so that (3.38) holds along the

that (see the proof of [26, Prop. 5.4] for details) X
whole sequence {X,, }.
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In the same way, we set u,, = T2(X,,) for all k£ € N: taking into account (3.38)
as well as (3.23), we find that the sequence {ay,,} is bounded in H'(0,Tp; H3(0,£)) N
Whee(0, Ty; HE (0, £)) N H?(0, Tp; L2(0,£)). Hence, again by the Ascoli theorem and [27]
there exists % such that

Uy, —*0  in H2(0,Tp; L*(0,£)) N WHo°(0, To; H(0,£0)) N HY (0, Ty; H3(0, £)),

3.39

i, — @ in H'(0,To; H>°(0,€)) n WP(0,To; H'(0,€)) 0 C1(0, To; H'~P/%(0,4)) (339
for all p € (0,2], 1 < p < oo. In particular,

lip, — @ in HY(0,To; WH™(0,)). (3.40)

Arguing as in [26, Prop. 5.4], we conclude that @ = 75(X) = T3 (71(9,0)) .

Finally, we set 0y, := 73(Xp,,Un, ) for all k € N and ¢ = T3(X, @): we are now going
to show that, up to a further subsequence,

p, — 9 in L(0, Tp; L°°(0, £)), (3.41)
Op, — 9 in H(0,To; H(0,£)"). (3.42)

To this aim, we subtract equation (3.24) from (3.24), written for the triple (U, , Xy, , Un, ),
thus getting

(g, = D)t + Xt (Ony, = 9) + 9Ny = Xt) + Ay, — 0)

7 ) et v ) (3.43)
= Xt |> = Xe? + Xy, — X)| Ol 1 |* + X(|Oniny t|* — |00u]?),

We then add (9, — ) to both sides of (3.43) and test it by J~1((¥,, —9):). We obtain

t
_ 1
/ 171 = D00y + 10m(0) = VO = L+ Ts + T+ Ty + T, (3.44)
0
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where, also exploiting (2.1),

t YA t
_ _ 1 _
Ii= [ [ R =077 = 00 <5 [ 17700 = D)
t
e /0 Ko a2/, — 92
t Y/ B .
I = / / It — X)) T~ (O, — 9)1)
0 0
< L T W = 9o +C [ 191 [ — Xl
=3 0 ng t Hl(gx) o ng,t t )
t ¢
165/ / Xt + Xe| Xyt = Xe| T~ (O, — O))
0 0
]. ¢ -1 2 t — — 12 = = 112
Sé ; 17Oy, = D) a2 0,0 + C A Xt Xe || || Xt = Xe||”
t YA
- / / (Kny. = X)|Onin 2T~ (O — 0))
0 0
< T G = D)oy +C [ R, = XUl
=3, ng tJIH1(0,0) 0 ng zUn,tll 14(0,4)
t ¥/
I = / / X100 ing 1|2 — [0075e|2) T (I, — 0))
0 0
]' t —1 2
< [ 1T (@~ DB o
0

t
0

Using now convergences (3.38) and (3.39), it is easy to deduce from (3.44) that (3.42) holds,
as well as ¥, — ¢ in L?(0,Tp; L?(0,£)). On the other hand, taking into account (3.26) we
find that {,,} is bounded in L?(0, Tp; H%(0,€)) N L>®(0, To; H(0,£)) N H(0,To; L2(0,£)) N
Whoo(0, To; H(0,£)"). Hence, again due to (2.1) and [27] we find that {9, } is compact in
L*>°(0,Tp; L>°(0,¢)), so that (3.41) ensues.

Collecting (3.40) and (3.41)—(3.42), we conclude that 7 : O, x U, — Op, X Ur, is
compact. In fact, the very same arguments we have developed yield that 7 is continuous,
too. O

3.3 Global estimates

The notion of §-separated solution. It follows from Proposition 3.5 that the Cauchy
problem for system (3.2) admits a solution (¥, X, %), in fact fulfilling (3.4)—(3.5). Therefore,
(¥, X,u) is in fact a solution of Problem 1 in (0, 7).

We now introduce a notion of local solution to Problem 1 which generalizes the
properties of (9, X,u), in particular retaining (3.4)—(3.5).

Definition 3.6. We say that a triple (9,X,u) is a d-separated solution of Problem 1 on
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some interval (0,t), 0 <t<T, if

(9, X, u) solves Problem 1 on (0,€) x (0,t),

X satisfies (3.4)-(3.5) on (0,t), and min I(z,t) > 0.
(w,t)€[0,£]x[0,t]

Global estimates for §-separated solutions.

Lemma 3.7 (Global estimates). Under the assumptions of Theorem 1, there exist a constant
My > 0 only depending on the problem data but independent of t € (0,T], and a constant
M5(T) > 0, depending on the problem data and on T, but not on t € (0,T), such that for
any 0-separated solutions (9, X,u) of Problem 1 on the interval (0,t) there holds

X zow (0,1 (0,0)) + [IXel 20,6522 (0,00) F [Pl Lo (0,522 0,0)) F 1wl oo (0,522 0,09

+ el oo 0,602 0,00) L2 (0,682 (0,00 + 111 — X)l/anuHL2(0,t;L2(O,E))OLOO(O,t;LQ(O,Z))

(3.45)
< M4(1 + [Xoll 1 (0,0) + [P0l L1 (0,0) + 1wl 72 0,60 + llvoll
+ 19l 210,701 0,0)) + HfHLQ(O,T;L2(O,£))>a
X oo (0,822, (0,0))NE (0,861 (0,0)n W20 (0,622 (0,0))
F 191 220,72, (0,6))n Lo (0,827 (0,0))n 1 (0,522 (0,0))
+ [l 51 (0,612 0,0) W2 (0,4 0,0)NH2(0,5,L2(0,6) (3.46)

< M5(T)<1 + [Xoll 772 (0,6) + 190l 111 (0,0) + l[woll z2(0,0) + 1voll 772 0,0)
+ g1l 20,122 (0,0))n Lo (0,751 (0,)) + ||f||L2(O,T;L2(0,£))> :

Proor.  Throughout this proof, we shall denote by C' and by S;, ¢ =1, ... some positive
constant only depending on § and on the quantities ||X0||H]2\,(0,€)7 [90ll 1 (0,6) Hu0||H§(O7Z),

lvoll 20,005 9llL20,7;22(0,00)0L (0,151 0,00y @nd [ f]|L2(0,7;22(0,0)), Put independent of T
We will explicitly denote their dependence on T by the symbol C(T') and S;(T), i =1,...,
whenever it occurs.

First estimate. We test (2.17) by uy, (2.16) by X¢, and (2.15) by 1. We add them up and
integrate the resulting equation in time. Some terms cancel out and, recalling the positivity
of ¥ (according to Definition 3.6), with elementary computations we find

1 1 1
5 e + 510 = X(0)20,u®]? + 9Ol 2 0.0) + 5 10X(0)
Cra =~ 1 2 1 2 2
+ [ (BOce) +30ue)) < 5 luollEn o + 500l + 10ll 20,0 + Cll Xl F g
0
~ 1
+[18(X0) L1 (0,0) + 19l 21 0,721 (0,0)) + §||f||%2(0,T;L2(O,Z)) :

On the other hand, by the convexity of 3 and due to (W2)—(W3), there exists a positive
constant C' such that

[ (Boaoy +5xan) = -
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Since, by (W5) and (2.11), ||B(X0)HL1(075) < ClXollg1(0,6), we ultimately find a positive
constant S7 such that

el o= 0,502 0,00 + (1 =) 200ull e 020,00 + 101l 00,y (347)
+ 1X| oo 0,651 (0,)) < S

Second estimate. We test (2.17) by u;+u, integrate in time. Integrating the first integral
on the right-hand side by parts in time, using Poincaré inequality, and exploiting the previous
estimate (3.47), we get

1 t 4 t l
sl + [ [ =00, + Clu) o + [ / X|0suf?
< ¢ (Il + ol ) + Il 20m20 ) + / it + [ / u?

SC(HUO||2+Huollfq(g(o,eﬁ”fHN(mT;LQ(o,e)))+||uz:(t)ll2+1||u 1 + / / fue

Applying the Gronwall Lemma and taking into account (3.47) and the fact that X > 4, we
deduce that for some positive constant So

el 220,203 0,09) + 1l ow 0203 0,00 + 11 = X) 7?0l 20,15 22(0,07) < S (3.48)

Hence, by comparison in (2.17), we get

[[usel| L2 (0,111 0,00y < S3.- (3.49)

Third estimate. Following the outline of [29, Sec. 5], we multiply equation (2.15) by
—9~! (note that this is admissible as mingg (o, ¥ > 0) and integrate it over (0,£) x (0,1).
Using (2.8), (2.6) and (3.47), we get

o [ f (S8 = fre [ [ [
cord[ [

Since, due to (3.47), the first term on the left-hand side in (3.50) is bounded from below, we

get
0:9F Xl | [Owuel”
//( 9 0

Using now (2.1), (3.47), and (3.50), we obtain

t
[ im0 = [ 19210 <) | (||a )1 000 + 190210

IN

C. (3.51)

(i [ ([ ]3]
<1 + 8 v \\)2) < o).
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Hence, we have
191 L1 (0,620 (0,00) < C(T), (3.52)
and so, interpolating between (3.47) and (3.52), we get

1911 £2(0,t;22(0,)) < Sa(T). (3.53)

Fourth estimate. We test now equation (2.16) by X;. With standard computations, also
t pl

relying on (3.47-3.48), (3.53), and integrating by parts in time the term 1/2/ / X¢|0pul?,
0o Jo

we get
XN £oe (0,611 (0,0))n T (0,6:22(0,0)) < S5(T). (3.54)

Arguing exactly in the same way as in the proof of [26, Lemma 5.9], we find by comparison
n (2.16) that

X[ £2(0,6w21(0,00) < S6(T), (3.55)
which, via the Gagliardo-Nirenberg inequality [25, p. 125], leads us

X Lag0,e;wr4(0,00) < S7(T) - (3.56)

Fifth estimate. We test (2.17) by —92,u; and integrate in time. Referring to the proof of
[26, Lemma 5.3, Lemma 5.9] for all the detailed computations (which rely on (3.47), (3.48),
(3.49), and (3.56)), we get

HUHH1(O,t;Hg(O,é))ﬂWLOO(O,t;Hl(O,K))OHQ(O,t;LQ(O,E)) < S3(T). (3.57)

Sixth estimate. We take the time derivative of (2.16) (note that this procedure is justi-
fied by (W5) and (3.4)—(3.5)) and multiply it by X;/4. We test equation (2.15) by J~1v,
(cf. (2.5)). We sum up the two resulting equations and integrate over (0,¢). Using (W3)
and (2.8), (2.9), we get

14

1
1900 00 + IO + SO + J10X a0 z200y < O+ ST (3:58)
=9

where, using (2.1), (W2), and (3.54), we have

= [ [ o0 < Joiauman + [ 10121 (3.59)
Lo :=/ / Xe2TH(9) < HﬁtH%Q(O,t;Hl(O,E)’)_'_/ e 2112,

0 Jo 4 0

t 74 t

_ 1
fu ::/0 /0 XJ2eul T W) < F19el 720,601 001 +/0 XU 0,0 19l 1
¢l
Iig = —1/4/0 /0 Y 00XE < ClIXel 720,220, < C(D),
! 1 2 1 2

hiz:=1/4 ; (98, Xe) < g”ﬂth(o,t;Hl(o,e)/) + gHXtHLQ(OJ;Hl(O,K))?

t Y4 t
ha= 14 [ [ o < CloulRag oy + [ 10wl
0 JO 0
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Using Gronwall lemma along with estimates (3.53)—(3.54) and (3.57), we get

191l Loo 0,6, 2 (0,00)nE (0,8, 11 (0,0)) F X[ 10,4511 (0,0)) nwv o0 (0,452 (0,0)) < So(T)- (3.60)

Seventh estimate. We multiply (2.15) by 9J; and integrate in time. In view of esti-
mates (3.57) and (3.60), we may argue exactly in the same way as in the proof of Lemma 3.4,
and thus we find

191 L2 (0,62 (0,0) Lo (0,671 (0,6) N H (0,622 (0,6) W o (0,671 (0,0)) < S10(T) - (3.61)

Eighth estimate. We test (2.16) by (AX+/3(X)); and integrate in time. Hence, we develop
the very same computations as in the proof of [26, Lemma 4.2]: using (3.57) and (3.61), we
get

X oo (0,822, (0,0)) M (0,8 (0,0))nw oo (0,122 (0,0)) < S11(T) - (3.62)

O

3.4 Conclusion of the proof of global existence for Problem 1

We now introduce the set (cf. with Definition 3.6)
T :={t € (0,T] : there exists a d-separated solution on (0,t)}. (3.63)

Of course, .7 # 0, as Ty € .7 thanks to Proposition 3.5. We let T* = sup .7 and, without
loss of generality, suppose that 7% > Tj. Following the argument of [26, Sec. 5.5], (which
we shall sketch here in order to make the paper more readable), we are going to show first
that

T e T, (3.64)

(so that T = max .7 ), and secondly that
T =T. (3.65)

In this way, we shall conclude the existence of a global §-separated solution (9, X,u) to
Problem 1 on (0,7).

Proof of (3.64). By definition of 7%, there exists a sequence {t,} C (0,7*], with t,, /T,
such that for all n € N there exists a d-separated solution (¥, Xy, u,) on (0,t,). In view
of Proposition 3.8 later on, the triple (Ony Xn,yup) is in fact an extension of the local solution
(0,X,4). Let us now extend (9, X, up) to the interval [0,7*] by setting

Gult) = {Z”(t) rebel
n(tn) t e (tn, T%],

R (t) = Xy (1) t€[0,t,],
T W X(tn) tE (. T,

. {un(t) te0,ty],

Ot (tn) (t — tn) + un(ty) te (tn, T7].
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The global estimates of Lemma 3.7 yield that there exists a positive constant Mg(7T) fulfilling

10nll 20,77+ 112, (0,6))nLo% (0,7 Y (0,6) N (0,752 (0,6) AW 0 (0,77 H1.(0,6)')
IXnll Loo (0,7%: 12, (0,0))NH (0,175 H1 (0,0)) AW 120 (0,75 L2(0,6)) < M(T). (3.66)

|l 71 0,7+ 112 (0,0) W00 (0,77 2 (0,0)) 20,7322 (0,0))

Thus, recalling the proof of Lemma 3.1 (in particular, cf. with (3.16)—(3.19)) we conclude
that there exists a constant ¢* € (0,1), only depending on Mg (7T'), such that the functions
X,, fulfil the separation inequality

Xn(z,t) < ¢t Y(z,t) €0, x [0,T%] YneN. (3.67)

In the same way, again by [19] (see (3.33)) we have

~ t ~
Un(x,t) > min Jdo(z) exp (—/ ”Xnﬂg(s)HLoo(O’g) ds>
welod 0 (3.68)

> min Jg(z) exp(—CVT*Mg(T)) VneN,

z€[0,¢]

where C' depends on the embedding constant in (2.1). Now, (3.66) and [27, Thm. 4, Cor. 5]
imply that there exists a triple (9%, X*, u*) such that, along a (not relabelled) subsequence,
(57“ %n,ﬂn) converges to (¢¥*,X*,u*) in suitable topologies, all of which we do not specify
for the sake of simplicity. In particular, thanks to (2.1) we have

Un — 9 and X,, — X* in C°([0,T%]; C°([0,4])). (3.69)

Thus, the triple (9*,X*,u*) solves the Cauchy problem for system (2.15)—(2.17) on the
interval [0,7™] and, combining (3.69) with (3.4) and (3.67)—(3.68), fulfils

min 9 (x,t) >0, max X*(z,t) < 1,
(z,t)€[0,€] X [0,T*] (z,t)€[0,€]x[0,T*] (3.70)
X*(xz,t) >0  V(zx,t) €(0,£) x[0,T"].

Therefore, (9%, X*,u*) is in fact a J-separated solution to Problem 1 on the interval (0,7),
and (3.64) ensues.

Proof of (3.65). Suppose now by contradiction that 7% < T'. Now, by the previous step
the quadruple (9*(T7), X*(T%), u*(T*), Oyu* (1)) complies with (2.8)—(2.10) and (2.11), and,
in view of (3.70), provides a set of admissible initial data for Problem 1. Therefore, arguing
in the same way as throughout Sections 3.1-3.2, we find that Problem 1, supplemented with
the initial conditions

HT*) =9°(T"), X(T*)=x*(T"), w(T*)=u"(T*) in (0,¢),
has a d-separated solution (¥4, X3, u3) on some interval [T, T* +n]. Gluing (9%, X*,u*) and

(4, Xy, up) (see [26, Sec.5.5]), we arrive at a contradiction.

Proof of (2.22). Finally, the further regularity (2.22) of X can be shown arguing exactly
in the same way as in the proof Lemma 3.1, see (3.21) and the ensuing calculations. O
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3.5 Uniqueness for Problem 1

Our continuous dependence result for Problem 1 holds under weaker regularity requirements
for the solution component X.

Proposition 3.8. Assume (W1)~(W5), let (gi, fi, 95, X, ub,v}), i = 1,2, be two sets of
data for Problem 1, complying with (2.6)—(2.10), and, accordingly, let (9;,X;,u;), i = 1,2,
be two associated solution triples on (0,T), such that the functions ¥;, u;, i = 1,2, enjoy
the regularity (2.12), (2.14), and X; fulfil

X; € HY(0,T; HY(0,0) N L>®(0,T; H%(0,0)),  i=1,2. (3.71)
Further, suppose that for some v > 0
0<v<Xi(x,t)<1l—v V(x,t)€(0,£)x[0,T] fori=1,2. (3.72)

Set
M = max {Hxi|’H1(O,T;H1(O7£)) + llwill g 0,712 (0,00) + \\?91'||L2(0,T;H]2V(o,z))} :

Then, there exists a positive constant Sy, depending on M, v, T, and £, such that

llur = wallyyroe (0,7;02(0,0)nE (0,138 (0,0)) F 11X = Xall 207512 (0) L 0,711 (0,0)
+ (|91 — V2|l oo (0,7,12(0,0))"L2 (0,71 (0,0))

3.73
< 50 (Il 0.0 + 10§ — 31+ 1 — X3 .y + 1658 — 53] (373)

+ 1 f1 = falle2 0.1 (0,00) + 91 — g2||L2(0,T;H1(O,E)’)> .

PROOF.  Since some of the computations we are going to develop are similar to the ones
contained in the proof of [26, Prop 4.8] and [8, Thm. 2.4], we do not detail all of them and
refer the reader to [26]. Let (¥;, X;,u;), i = 1,2, be two solution triples like in the above
statement and set (¢, X, u) := (Y1 — Y2, X1 — Xo,u; — ug). Clearly, the triple (9, X, ) fulfils
a.e. in (0,¢) x (0,T)

Ut + X100 + XeP2 + A9 = g1 — g2 + X (X1, + Xot) + X|Opur 4|2

+ XoOzut (Opurt + Opuing) , (3.74)
Xk AX +500) — %) +900) —100) =9+ 3 (Bl ~ [wl?) , (375)
Ut + H((l — X1)u) — H(X'UQ) + H(Xlut) — H(X@tUQ) = f1 — fg . (3.76)

Now, we test (3.76) by u; and integrate in time. Proceeding exactly like in [26, Prop 4.8],
we get

1 1
o lue(?) O + / el 0,0 < §||v0—v0||2—|—0||f1 Pl T2, -10,0))

t s
+4Anw@w@+cwaw®@w@+cl<énmmﬁmwﬂﬁds

t
+C/O (luzll 2 00,0) + luzell 72 0,0) 2 XN 1 0.0 -
(3.77)
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Next, we test (3.75) by X; and integrate the resulting equation in time. With elementary
computations, also taking into account the Lipschitz continuity of v and combining (3.72)
with (W5), we get

t t
IR+ IO 0y < eI = XBlBis 00+ b = w00 + [ 1917

t t
+ [+ [ (10 g0 + 10521 Bry00) 11

t t s
2 2
+/0 IlutHHé(O,N/O/O ()30 )
(3.78)

where the constant Cxq depends on M as well. Finally, we test (3.74) by ©. We integrate
in time and add fot [9]|? to both sides, thus obtaining

SID0)? + / 19130 < 119 — 317 + / Py (3.79)

=15
where, taking into account (2.1), we estimate

Is = / / g <t / 191210 + C / 1912710 0y (3.80)

Iw:/WWuMwuwaS/HMF+C/]MA%W@WW, (3.81)
0 2 Jo 0
t n , : , )
117:/0 HXtH ”792||L°°(0,€) ||'l9|| Sw/o HXtH +Cw/0 ”192”1_11(07@)”19” , (382)
t t
Iig = /0 Xl [[9]] [[X1,6 + Xt oo 0,0) < w/o X1 2 00
(3.83)
t , 1
o = [ I 10 o 191 < 5
(3.84)
t
Iy = / X2l oo 0,0 10211t + Ozt £oo (0,0) |0z ue]| [[9]]
0 (3.85)

t t
< g/o el 0,0y + Cg/o 191 1Xal 371 0,0y 10z 1,e + 8x“2,t”§{3(o,e) )

for some suitable constants w, ¢ > 0 (Cy, C. being the related constants via the Young
inequality). Finally, we add (3.77), (3.78) (multiplied by a positive constant m such that
mCam < v/8), and (3.79), and use (3.80)—(3.85), in which we choose 0 < w < m/8 and
¢ < v/16. Applying the Gronwall Lemma, we conclude the continuous dependence estimate
for [[X1 = Xal[zr1(0,7,22(0,0)) L (0,151 (0,0)) » for |91 = V2| Lo (0,722 (0,0))nL2 (0,717 0,6)), and for
lure — w2l Lo (0,1:02(0,0))nL2 (0,731 (0,0)) - Integrating in time, we obtain the estimate for
lur — w2 llywri.o0 0,712 (0,0)) "1 (0,112 0,0)) @8 Well, and (3.73) ensues. O

4 Proof of Theorem 2

Preliminarily, we collect some estimates on the trajectory {(J(t),X(t),u(t))}+>0 originating
from an initial triple (9, Xo,uo) complying with (2.8)—(2.10) and (2.11), see Remark 2.1.
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Proposition 4.1 (Global estimates on (0,400)). Assume (W1)-(W5) and (2.24)—(2.25).

Let (99, Xo,up) be an initial triple fulfilling (1.10)~(1.12) and (2.11). Then, there exists a
constant Co, > 0 such that

9] Lo (0, +00s 11 (0,0)) T 1AFN £2(0,00;22(0,)) + 102l £2(0,+00;22(0,0))

+ [1X| £oo (0, 4005921 (0,0)) + Xt £2(0,4-00; E1 (0,6)) Lo (0,4-00;12(0,0))

(4.1)
+ [ull oo (0,100s212 (0,6)) + 12l L2 (0,403 (0,6))n L% (0, 40032 (0,6))
+ et 220, 400311 (0,0) F (1 = X) 2000l 12(0,4 002200015 (0,4 00:12(0,0)) < Coo »
X(x,1) 2 8 ¥ (x,1) € [0,€] [0, +00) . (4.2)

Proor.  First, we point out that estimate (3.45) holds on (0,+00). The estimates on u
are a direct consequence of the ones contained in (3.45). Hence, in order to prove (4.1), we

test (2.23) by ¥; and integrate on (0,t), ¢t € (0,+00). With elementary calculations and
using Poincaré’s inequality and (2.24), we obtain

t 1 1 t
J 19t + S10:0017 < S0l + [ Nl
0 0
1 ! 2 ! 2 2 ! 2 2
+3 ; [9e]1” + 2 ; X" N9 = m(D) [ 700 (0,0) + 2 ; IXell* (D) | o0 0,0)

1 t t
S 2/(; ”’ﬁtu2 —|— C (1 +/(; HXtH2”ax'0H2 + HﬁH%OO(O,-i-OO;Ll(O,f))“Xt“%Q(U,-i-OO;LQ(O,Z))) .

Taking into account (3.45), and applying Gronwall’s Lemma, we conclude the estimates for
¥ and ¥ stated in (4.1). Next, we differentiate in time (2.16), test it by X;, and integrate
in time. Thus, we get

1 t 23
S+ [l <o+ 3,
0 =21

where, using (W2), we have

t L
I ;:/O /0 Y 00XE < ClIXelZ2(0 400122000
t ol 1 ) 1 2
In ::/0 /0 9 X < §H79t”L2(0,+oo;L2(0,£)) + §||Xt||L2(O,+OO;L2(0,€))7

t Y4 t
1
Iz == /0 /0 |0z u| |Opug| |Xe| < CHUHQoo(O,Jroo;Hg(o,e)) HutHi2(o,+oo;H3(0,£)) + 2/0 1|

I 2
T3 [0 X2 |7 -
0

where the constant C' in the latter estimate also accounts for the continuous embedding (2.1).
Taking into account (4.1), and the previous uniform estimates on u and wu; (cf. (3.45)), we
conclude an estimate for ||X¢[| 2 (0 4-00;H1(0,6))n Lo (0,4-00:L2(0,¢)) - 'L hen, by comparison in (2.16),
we obtain an estimate for [|AX||zec(04o0;r1(0,¢)), iMplying, by means of the monotonicity
of B and of the standard regularity results for parabolic equations, the boundedness of
X oo (0,4-00;972:1(0,¢)) - Further, we argue by comparison in (2.23): by the previous estimates
on ¥ and X; and (2.1), ¥X; is estimated in L?(0, +o0; L?(0,¢)), hence we conclude the same
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estimate for A¢. Finally, inequality (2.19) extends to [0,400), as the separation constant
d depends on Xy and on the potential W', but not on the final time 7" > 0. Thus, (4.2)
holds. 0

Remark 4.2. As it is clear from the proof of Lemma 3.1, the separation constant for X
from the potential barrier 1 in inequality (2.20) depends on the L -norm (both w.r.t. the
time and w.r.t. the space variables) of the right-hand side of equation (2.16). Thus, in order
to extend (2.20) to [0,+0o0), one should prove an estimate for the right-hand side of (2.16)
in L*>(0,+00; L>(0,¢)). In turn, it seems that the latter uniform estimate can be proved
only provided one disposes of a uniform in time separation inequality of X from 1.

Conclusion of the proof of Theorem 2. For every (Yoo, Xoo, Uoo) € w(Po, X0, ug), let
tn /" 00 be such that for all v € (0,1)

(I(tn), X(tn), u(tn)) — (Poos Xoos Uso) 1IN Hlfl’(O,E) X H1’”(0,€) X H&‘”(O,K). (4.3)
Hence, for n > 1 and t > 0, we can define
Un(t) := 9(tn + 1), Xn(t) = X(tn + 1), un(t) == ulty, +1).

We note that for every 7' > 0 the triple (9, Xy, u,) solves the PDE system

Unt + Xnt0n + A0y = gy, a.e. in (0,¢) x (0,7, (4.4)
1

Xnt + AXy + B(Xn) + v(Xp) = 9y + ilaxun|2 a.e. in (0,£) x (0,T), (4.5)

Oun + H((1 = Xp)up) + HXptunyg) = fn ae. in (0,£) x (0,7T), (4.6)

where we have set g,(t) := g(tn +1t), fu(t) := f(tn +t), supplemented with the initial
conditions

Un(0) =9(tn), un(0) =u(tn), unt(0)=1w(tn), Xn(0)=X(t,). (4.7)

The sequence {(Vn, Xn, un)} clearly fulfils estimate (4.1) on (0,7"), with a constant indepen-
dent of T'> 0. Furthermore, due to (3.46), there exists a positive constant C'(T), depending
on the problem data and on T, such that for every n

||19n||L2(0,T;H§V(0,£))0L°°(o,T;Hl(o,f))mHl(o,T;LZ(o,e)) + ||Xn||L°°(0,T;H]2V(0,£))

(4.8)
+ lunll 720,752 (0,0)) W 100 (0,752 (0,00 (0,732 0,0)) < C(T) -
From (4.1), with a standard argument we deduce that
Ut — 0 in L2(0,T; HA(0,0)), (4.9)
diu, — 0 in L*(0,T; H1(0,0)), (4.10)
Xnt — 0 in L*(0,T; H(0,4)), (4.11)
s — 0 in L*(0,T;L*(0,0)), (4.12)

and, likewise, thanks to (2.24)—(2.25) we have

gn— 0, fn—0  in L*0,T;L?0,¢)). (4.13)
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Moreover, by [27, Thm. 4, Cor. 5] and the Ascoli theorem, there exist a limit triple (¢*, X*, u*)
such that, up to a subsequence, the following convergences hold for all 1 < p < oo and for
all p e (0,2]

O, — 9% in L2(0,T; H>77(0,€)) N LP(0, T; H(0,£)) N C°([0, T); H'~*/%(0, 1)),

Ip—"9* in L*(0,T; H(0,£)) N L>°(0,T; H*(0,£)) n H'(0,T; L*(0,¢)),

X, — X* in LP(0,T; H%(0,€)) N C°([0, T); H*~°(0,£)) N H*(0,T; H'=*/%(0,¢))
NWLP(0,T; L*(0,0)), (4.15)

Xp—*X* in L>(0,T; H%(0,0)) N HY(0,T; HY(0,£)) n WH(0,T; L?(0, ¢)),

U, — w* in HY(0,T; H>P(0,0)) N WHP(0,T; H'(0,0)) N CH([0, T]; H=7/2(0,0)),

up—*u*  in HY(0,T; HZ(0,0)) n W10, T; H(0,0)) N H?(0,T; L*(0,¢)).

Furthermore, by the strong-weak closedness of the maximal monotone operator induced by
B on L?(0,T;L?(0,f)), we also conclude that, along the same subsequence,

B(Xn) = B(X*) in L*(0,T; L*(0,0)) . (4.17)
In view of (4.9)-(4.12), we have that
95 (x,t) = Xj(x,t) = uf(z,t) =0  for a.e. (z,t) € (0,£) x (0,T).

(4.14)

(4.16)

Hence, for every t € [0,T]
9*(t) = 9*(0) = ngglooﬁ(tn) =Yy  in L%*0,0).
In the same way, we conclude that for all ¢ € [0, 7]
X*(t) = Xoo, u*(t) =us in HY(0,).
Now, using (4.9)—(4.17) and assumptions (W2)—(W5), we pass to the limit in equation (4.4)—
(4.6) and conclude that the triple (Yoo, Xoo, Uso) satisfies (2.27)—(2.28), as well as
H((1 — Xoo)Uoo) =0 a.e. in (0,7). (4.18)

Furthermore, combining (4.2) with (4.14)—(4.15) we have that Y. and X. fulfil the first
two inequalities in (2.30). In particular, (2.31) holds. Now, we first prove

Xoo(z) < 1. 4.19
Jnax (z) (4.19)

Indeed, (4.19) follows from comparing X, with the solution X, of the Cauchy problem

Xoo(t) + B(Xoo (1)) +7(Xoo(t)) = Voo ¥t €[0,T7,
where 0 < ¢ < 1 fulfils 8(¢) +7({) < Yoo. With a standard argument (cf. with the proof
of Lemma 3.1), one finds maxgcp g Xoo(#) < maxyecp ) Xoo(t) < ¢, whence (4.19). Hence,
the third of (2.30) follows from (4.19) and the fact that the set of (the X components) of all
stationary solutions is compact in C°([0,¢]). Thus, testing (4.18) by us conclude (2.29).

(4.20)

Finally, under the additional assumption (2.32) we test (2.28) by AX..: integrating
by parts and using (2.27) we find

¥ ¥/ l
2 / ! 2 _
/O\Axoor +/0 (B (Xoo) + 7 (Xoo)) [V Xeo] —/O Yoo Ao — 0.

By (2.32), the second term on the left-hand side is nonnegative, hence AX, =0 on (0,¢).
Thus, X is constant on [0, 4], and (2.33) ensues. 0
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