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Abstract

This paper addresses the Caginalp conserved phase-field system, which couples an energy
balance equation containing a time relaxation parameter € > 0 and a source term f, with a
Cahn-Allen type dynamics for the order parameter. The analysis is focused on the asymptotic
behaviour of the solutions of this parabolic system firstly as ¢ | 0, and secondly as both ¢ and
the coefficient 0 > 0 of the interfacial energy term in the equation for the order parameter
tend to zero. The limit equations are the viscous Cahn-Hilliard equation with source term in
the former case and the Cahn-Hilliard equation with source in the latter one. Convergence
results are proved, yielding the existence of solutions for both problems, while uniqueness
follows from continuous dependence on the data; error estimates are obtained as well. An
analogous asymptotic analysis is carried out for the viscous Cahn-Hilliard equation as ¢ | 0.

1 Introduction

The present paper is concerned with an initial and homogeneous Neumann boundary value
problem for a phase-field system of two parabolic equations governing the evolution of two
unknown fields ¥ and y, namely

(1.1) ety +xi — AV =f in QxR

(1.2) e —Ax+ x> —x =9 inQ xRt



(where Q is a bounded, connected domain in RY, N = 1,2, 3, with smooth boundary 9,
and e, ¢ are positive coefficients), supplemented with the boundary conditions

ox oy . N
and the initial conditions
(14) X(,O) :Xo, 19(,0) :190

This model is usually investigated in the framework of solid-liquid transitions, so that ¢ is
interpreted as the temperature of a physical system (occupying a material region €2), which
may undergo a melting (or conversely a solidification) process; the phase-field y is an order
parameter, yielding the local proportion of the solid and liquid phases, while f represents
the heat supply.

In fact, as it is shown in [4, Sec. 4.4], (1.1) follows from the balance law of internal energy,
coupled with the Fourier law for the heat flux. On the other hand, (1.2) can be derived from
the Ginzburg-Landau theory for the total free-energy functional, assuming in particular for
the local free energy density the form of a double-well potential

(x*—1)?
F =
(X) 4 Y
attaining his two minima correspondingly to the two pure phases, with derivative

(1.5) o(x) = x> — x.

A first order approximation around the phase-change temperature yields (1.2); indeed, ¢
turns out to be a relative temperature, scaled in a such a way as to be positive in the liquid
phase and negative in the solid one.

This model was first examined by FIX (see [12] and the references therein), and then
widely investigated by CAGINALP [5], who showed in a subsequent paper [6] that some
relevant sharp interface models of phase transitions, i.e. the classical Stefan model and two
of its variants, accounting for surface tension effects (see e.g. the book [18, Chap. IV-VIII]
for a detailed discussion of these models), arise as limiting cases of the system (1.1), (1.2)
as some microscopic parameters go to zero. An analogous formal asymptotic analysis was
carried out in [7] for the corresponding conserved phase-field system, in which Caginalp
eventually obtained the Cahn-Hilliard equation in the limit of zero latent heat and in the
particular case of constant temperature.

Later, the paper [16] for the first time investigated the Cahn-Hilliard equation as limit
of the non conserved system (1.1)-(1.2), thus giving rise to a series of analogous studies:
in this framework, we develop an analysis of the phase-field system as the time relaxation
parameters € and J tend to zero.

To this aim, it is natural to consider the related problem formally obtained by setting
e = 0in (1.1), (1.2) and substituting the second equation into the first one: hence the
phase-field system reduces to

(1.6) Xe — AW — Ax+x*—x)=f in QxR
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accordingly supplemented with the Neumann boundary conditions

Ix _ 9(Ax)

(1.7) I o

=0 indQ x R*,

and the initial condition

(1.8) (10) = xo.

In the same way, setting e = § =0, (1.1), (1.2) yield

(1.9) Xt —A(=Ax+x*—x)=f in QxR

which we couple with (1.7) and (1.8) to define an initial boundary value problem P; for the
moment, we will denote by P the system (1.1)-(1.4), while (1.6)-(1.8) will be referred to
as P?.

Actually, when f = 0, (1.9) is the well-known Cahn-Hilliard equation, which describes
the evolution of an order parameter x (e.g., the concentration of a binary alloy) in a system
undergoing a phase separation as a result of a quick quenching into a miscibility gap. Simi-
larly, f =0 in (1.6) yields the viscous Cahn-Hilliard equation, which was introduced in [13]
to account for viscosity effects in the phase separation of, e.g., polymer-polymer systems. It
is worthwhile noting that in the phenomena modelled by (1.6) and (1.9) x is a conserved
parameter: therefore, if a source term f # 0 is to be included in each equation, we have to
require it to be spatially homogeneous, i.e.

1
@/Qf(x,t)dx:O for a.e. t € (0,7,

in order to retain the conservation property for y, as we will see later on.

As far as well-posedness results for the problems outlined above are concerned, in [3] the
existence of an attractor for the solutions to problem (1.1)-(1.4), (with null f), is demon-
strated; actually, in the present paper we refer to the existence result for P contained in
[1, Thm. 2.1], (in fact, [1] more generally tackles a parabolic phase-field system based on the
Coleman-Gurtin heat flux law, with an additional memory kernel accounting for memory
effects, and with a nonlinear dynamics for y). An existence and uniqueness theorem for
the initial and Neumann homogeneous boundary value problem for the equation (1.6) with
source term f = 0 was first proved in [11, Thm. 2.3]; among the several papers devoted
to the Cahn-Hilliard equation with null source term, we mention the survey [14] and the
existence result Thm. 3.1. therein.

As mentioned before, the limiting behaviour of the phase-field model for vanishing time
relaxation parameters was first investigated in [16], in which the solution of the system (1.1)-
(1.2) with Dirichlet boundary conditions for ¥ and y was shown to converge as ¢ = § | 0
to the weak solution of the related boundary value problem for the Cahn-Hilliard equation
in arbitrary space dimension. This evidenced a strong link between two basic models in
the mathematics of material sciences and motivated a number of papers focused on the
asymptotic behaviour of the associated attractors. We quote in particular the paper [11],
in which the authors prove that the attractor 4% associated to Problem P#° is upper-
semicontinuous at (g,d) = (0,4), with § > 0 arbitrary, and at ¢ = § = 0: namely, A% is
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shown to be asymptotically included in a convenient embedding of the attractor of P° as
e | 0, and of the attractor of P as ¢ = | 0; the upper-semicontinuity of the attractor of
P° for vanishing 0 is also investigated. Further, the subsequent paper [10] focuses on the
lower-semicontinuity of the attractor A% as ¢ | 0.

On the other hand, like [16] the present paper is concerned with the asymptotic behaviour
of the finite time solutions of P as ¢ | 0 or both € and § | 0; apparently, the analysis for
0 | 0 and € > 0 fixed is much more difficult to handle. As regards the asymptotic behaviour
for vanishing ¢ and 0, we point out that, unlike [16], our own analysis is carried out in space
dimension N < 3, which enables us to obtain stronger convergence results under weaker
assumptions on the regularity of the solutions and on the data, as well as the related error
estimates. As expected, the solutions to P are shown to converge to a solution of (1.6)-(1.8)
as ¢ tends to zero, and of (1.7)-(1.9) as ¢, § | 0.

In this way, the existence Theorems 2.2 and 2.5 for the limit problems P° and P are
proved: we note that existence results for such problems have not been yet obtained up to
now, as far as the author knows, when the source term is not null. Uniqueness results, (see
Thms. 2.1 and 2.4), for P° and P are given as well, while Theorems 2.3 and 2.6 provide
error estimates of order O(¥/2) and O(g/?) + O(J) for the strong convergences obtained in
Theorems 2.2 and 2.5, respectively. Finally, a similar analysis is carried out for the solutions
of P2 as § | 0.

The outline of the paper is as follows: Section 2 is devoted to the notation, the assump-
tions and the statement of the results. The asymptotic analyses of P for vanishing ¢ and
e,0 are developed in Sections 3 and 4. Once the well-posedness results for P° and P are
established, the behaviour of P? for 6 | 0 is examined in Section 5.

2 Statement of the main results

Notation.

As mentioned above, we are interested in the behaviour of the solutions to P°, P and P
in the “cylinder” @ = Q x (0,7); we set

H:=L*Q), V:i=HY(Q), and W :={ve H*Q) : d,v =0},

O, being the outward normal derivative to 0€2. We identify H with its dual space H', and
recall that the embeddings
WcVcHcCV cWwW

are dense and compact. Henceforth, we denote by (-, -) the inner product in H, by (-, ),
({(+, - ), the duality pairing between V" and V', (between W’ and W), and by | - |, || - ||v,
| - |lv the norms in H (and in HY, as well), in V and in V’. Besides, we introduce W,
V, H, V' and W, the subspaces of W, V., H, V' and W’ of elements with zero mean value

m(v), where '
m(v) := @«v, 1).



Moreover, let us consider the operator A : V — V' defined by
(Au,v) := / VuVodr Yu,v € V.
Q

We remark that Au € V' for every u € V and that Au = —Au € H whenever u € W,
moreover, A can be extended to an operator from H to W, (which we still denote by A),
by means of the variational equality

(Au,w)) = — /Q Awu dz.

Since the kernel of A : V' — V' consists of all constant functions, the restriction of A to V
turns out to be an isomorphism; thus we can define the inverse operator N : V' — V by the
condition

ANv)=v YoveV,

namely, Nv is the solution with zero mean value of a generalized Neumann problem with
right-hand side v, hence Nv € W if v € H. We point out that

(2.1) (Au, Nv) = (v,u) Yu eV, Yoe)l,

(2.2) (u, N'v) = /Q VN V) de = (o, Nu) Va0 € V.

Henceforth, we will always refer to the following norms in V' and V', equivalent to the
previous ones on behalf of Poincaré’s inequality and denoted by the same symbols:

(2.3) ull? = (Au,u) + (u,m(u)) Yu €V
(2.4) o[l = (v, N (v —m(v))) + (v,m(v)) YveV.

Statement of the problems and main results.

Within this framework, we can give a rigorous formulation of Problems P, P and P in
terms of abstract operator equations in the spaces V' and W".

Problem P°. Given the data x°,9° € V and f € L*(0,T;H), find both x and ¥ in
HY0,T; H)ynC°([0,T]; V) N L2(0, T; W) and satisfying

(1.17) 0+ ox+AV=f inV' ae in (0,T),

(1.27) SO +AX+X —x=9 inV', ae in(0,7T),

with the initial conditions (1.4).

We note that the boundary conditions (1.3) for ¥ and x are contained in (1.1°) and (1.2’),
respectively. As mentioned before, [1, Thm. 2.1] ensures that Problem P*° admits a unique
solution.



Similarly, we can reformulate (1.6)-(1.8).
Problem P?. Let \° and f fulfil

(H1) X' eV,

(H2) f e L*0,T;V", ﬁ/ﬂf(x,t)dx =0 forae te(0,7T).

Then, find x € H*(0,T; H) N L>(0,T;V) N L0, T; W) satisfying
(1.67) Ox + A0 +Ax+X> —x)=Ff in W', ae in(0,T),

and subject to the initial condition (1.8).

The following continuous dependence result holds for P°.

Theorem 2.1. Let (fi,X?), i = 1,2 be two choices of data for Problem P° satisfying (H1)
and (H2); let x;, i = 1,2, be the corresponding solutions and put

(2.5) M = max{|x;[5 + 1 fill 72070
Then there ezists a positive constant Cy, depending on M, T, || and §, such that

(2.6) lIx1 — X2HCO([O,T];H)mm(O,T;V) < (\X? - X%’H + || fr — f2HL2(0,T;V')) .

It follows that if P° admits a solution, then it is necessarily unique.

As far as existence of solutions to P? is concerned, we proceed in the following way. It is
possible to approximate the data x° and f of Problem P? by two sequences {x°} and {f.}
fulfilling

(H3) XN €V Ve>0, andy?—x"in Hase]D0,

(H4) f- € L*(0,T;H), and f. — fin L*(0,T;V’) as e | 0;

note that (H2) and (H4) entail that |m(f.)|[z20r — 0 as € | 0, too. Further, let us
consider a sequence {°} C V. For every ¢ > 0, let (x.,?.) be the solution of Problem
P% corresponding to the fixed interfacial energy coefficient § > 0, to the source term f.
and the initial data (x2,9Y): the limiting behaviour of the sequences {x.} and {J.} is of
course tightly related to the issue of “passing to the limit” in (1.17), (1.2’) as the relaxation
parameter ¢ tends to 0. Indeed, we are going to show that, as ¢ | 0, {x.} suitably converges
to a function y which turns out to solve Problem P?: to this aim, we take advantage of an
equivalent formulation of (1.6”) by means of the auxiliary variable 9 (cf. (1.1)-(1.2) with
e=0)

2 {atx +AY=f inV' ae in (0,7),

SOx +Ax+ x> —x =9 inV' ae in (0,T).
The variable ) is often referred to as chemical potential; as for Problem P?°, we note that
(2.7) yields homogeneous Neumann conditions for x and ¥, which substantially entail, by

the definition of the chemical potential, the boundary conditions (1.7). In this setting, the
following convergence result holds true, entailing the existence of solutions to P?.
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Theorem 2.2. Assume that {x°}, {9°}, {f-}, X°, and f fulfil (H1)-(H4); suppose moreover
that there exists a constant K > 0 such that

(H5) 2P0y < K Ve >0,
(H6) v <K Ve >0,
(HT) Im(f)ll 20 = O(EY?) Ve > 0.

For a fived § > 0 and for every e > 0, let (x.,V.) be the solution of P supplemented with
f- and (x°,9°): then there exist x and 9 such that the following strong (— ), weak (—) and

g) e
weak-star (—*) convergences hold as € | 0:

(2.8) ey i HYO,T; H) O L0, T; V) 1 L0, T; W),
(2.9) Xe — x in C°[0,T]; H) N L*(0,T; V),

(2.10) 9. =0 in L20,T;V),

(2.11) 0. — 0 in CO[0,T]: H) N L2(0,T: V),

(2.12) 0. =0 in HY(0,T;V").

Moreover, x and 9 fulfil (2.7) and (1.8), hence X is the unique solution of P°.
We can specify the rate of the strong convergences (2.9), (2.11).

Theorem 2.3. Under the assumptions of Theorem 2.2, there exists a constant S; > 0,
depending on T and || only, such that the estimate

HX - XsHOO([O,T];H)mLZ(o,T;V) + H€795HCO([O,T];H)mm(o,T;V) <

(2.13) < S (2 I = X2 + I = Follzorvy)
holds for every e € (0,1).

Let us now rephrase Problem (1.7)-(1.9) in a more rigorous way.
Problem P. Given x° and f fulfilling (H1),(H2), find a function x € HY0,T;V') N
L>(0,T;V)N L*(0,T; W) such that

(1.9") ox +AAx+ X —x)=f in W', for a.e. t € (0,7)

and subject to the initial condition (1.8).
We can state a continuous dependence result, entailing uniqueness, for Problem P as well.
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Theorem 2.4. Let x;, © = 1,2, be the solutions of P corresponding to the initial conditions
XY and the source terms f;, i = 1,2 that fulfil (H1) and (H2); let

M = mas {0+ 1ol )
Then there exists a positive constant Cy, depending on M, T and |Q|, such that

(2.14) Ix1 — xzlleoqorymnrzorvy < Ca (Im(x]) = mOS)| + 11 — fellzo.rvr)) -

Existence of solutions to Problem P is now obtained by “passing to the limit” in P
as both the relaxation parameters ¢ and § tend to 0: namely, given the data x° and f of
Problem P, we consider three sequences {x%}, {9%} and {f.;} such that

(H8) 25,05 €V Ve d >0, x%—x" inHase d]0,

(H9) feo € L*(0,T: H), fos — f in L*(0,T; V') as€,0 | 0,

and for every €, > 0 we consider the pair (X.s,J.s) solving P with the data x5, 9%
and f.s. In order to show that x.s converges to the unique solution of P, we preliminarly
split (1.97) into a parabolic system featuring the auxiliary variable ¢ (cf. (1.1)-(1.2) with
e=0=0)
(2.15) Ox+ A9 =f inV’' ae. in (0,7),

. Ax+x*—x=9 inV’ ae. in (0,7).

We are now able to state the following existence result for Problem P.

Theorem 2.5. Assume (H1),(H2),(H8) and (H9) for x°, f, {x%}, {9%} and {f-s}. Suppose
moreover that (H5), (H6) and (H7) hold for {9%}, {x%} and {f.s}, respectively.

Then the sequence of solutions (Xes,Ves) of P corresponding to the initial data (x%, 9%)
and the source term f.s converges as €, § | 0 to the unique pair (x,?) solving (2.15) and
(1.8); precisely, we have

(2.16) Xes—*x  in L>(0,T; V)N L*(0,T; W),
(2.17) Xes — x i CO([0,T; V') N L*(0,T; V),
(2.18) Vs — 0 in L*(0,T;V),

(2.19) edes — 0 in CO([0,T]; V') N L2(0,T; V),
(2.20) 60ixes — 0 in L*(0,T; H),

(2.21) £0e5 + Opxes — Opx  in L*(0,T; V).

Furthermore, x € C°([0,T]; H) and it is the unique solution of P.
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It is possible to derive some error estimates in this case as well.

Theorem 2.6. Let the structural assumptions of Theorem 2.5 hold. Then there exists a
constant Sy > 0, depending on T and || only, such that

X — XsaHCO([O,T];VI)mm(o,T;V)

(2.22) < S (I = xSsllv + 02X = Xslu + IS — fesll 20,y + e'? + 5)
holds for every €, 0 € (0,1); the same estimate holds for ||| coo.11:vnz2(0,1:v), too.

In the end, we turn to examining the asymptotic behaviour of the solutions of P° as § | 0
and prove the convergence results below.

Theorem 2.7. Let X°, (X3} C V, f, {fs} € L*(0,T; V") fulfil

(H10) fs(t), f(t) €V a.e. in (0,T) V4 >0,
(H11) fs— f inL*0,T;V') as§ | 0,
(H12) s — X" inH asé |0,

(H13) ISl < K

for a constant K independent of §; let {xs} (x) be the solution of P° (of P) with source
term fs (f) and initial condition X3 (X°). Then we have as § | 0

(2.23) xs—"x in L=(0,T;V)N HY0,T; V"),
(2.24) Xs — x in C°([0,T]; H) N L0, T; W),
(2.25) 60ixs — 0 in L*(0,T; H).

Theorem 2.8. Under the assumptions of Theorem 2.7, there exists a constant Sz > 0,
depending on T and |Q)|, such that

(2.26) Ix = xsllcoorvynczorvy < S3 (HXO — Xllv: + IIf = Ssllzzomvr) + 5)
and
(2.27) Ix = xslleoqormnzormwy < Ss (IX° = xgla + I = foll 2oy +67%)

for every ¢ € (0,1).

Throughout the next sections, devoted to the proofs of the results stated above, we will
widely use the well-known Young inequality

/ 1 1
(2.28) Vpe (l,00) Vu>03c¢,: axy<pzP+cyf Vo,y>0, 2—9—1——/:1,
and the two following inequalities for the functional ¢ (cf. (1.5))
(2.29) Ya€[0,1) 3C,>0: o¢(r)r>ar*—C, VreR,
(2.30) Vnp>0 3C,>0 ¢(r)<m*+e¢, VreR



3 Asymptotic behaviour of P?° as ¢ | 0

For every pair (xe,V.) as in Theorem 2.2, it may be convenient to introduce the “enthalpy”
function

(3.1) Ue = Ve + Xe

Testing (1.17) by v = 1 yields

(3.2) Lm(u:(t)) = m(f-(t)) ae. in (0,T), Ve >0,
whence
(3.3) E.(t) := m(us(t)) = m(e97 + x) + /0 m(f<(s))ds,

so that, on account of (H3)-(H5), there exists a constant S > 0 such that
(3.4) |E-(t)| < S Vtel0,T],

for every € € (0,1), say. Arguing in the same way, we see that if y solves Problem P° with
the initial condition x° € V' and the source f as in (H2), then its mean value is conserved,
le.

(3.5) m(x(t)) = mo :=m(x°) Vte0,T).

Throughout the proofs of Theorems 2.1-2.8, we adopt the general convention of denoting
by the same symbol C several constants depending only on the quantities specified by the
statement of each theorem, and possibly on the initial data, pointing out the few occurring
exceptions.

Continuous dependence on the data for Problem P°.

The proof of Theorem 2.1 relies on the techniques developed in [8, Lemma 3.1], so that here
we briefly outline the argument for the reader’s convenience, referring to [8] for more detailed
computations.

Remark 3.1. Preliminarly, we point out that if x € H*(0,7; H)NL>(0,T;V)NL*0,T; W)
is a solution of P° with data x° and f, then there exists a positive constant C' such that

(3.6) IXla) < € (1+mi+ X + 1 a0

Indeed, testing (1.6") by N (x(t) — mg) € W for a.e. t € (0,T) (in view of (3.5)), and
integrating on (0,%), on account of (2.28), (2.29) and of (2.3), (2.4) we obtain

1 5 t t
30 =l + Sn(0) —maly + [ e) = malfs v [ ([ ooyt ds
0 0

1 5 ¢
< C+ I = molf + 51 ol + [ () = x(s).m0) ds
0
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1 1 [t
(3.7 Mo + 5 | () = malltds
0

for a.e. t € (0,7") and for some constant 0 < o < 1. By virtue of (2.28), we have

/0 (3¢ (s)mo) ds| < & / t ( / X4(x75)dz) -

/Ot<m0;X(3) — mo)ds

while

[ xsrmoyas

Thus (3.7) reads

t
1
< +/0 mofiyds < S~ mollagoeay + Com

1 1 a [*
S IX(®) = mallfs + S = mollFa ey + 5 / ( / x4<x,s>dm) ds
0 Q

1 1
<C (1 + mé + ‘XO 1211) + §HfH%2(O,T;V’) + EHX - mOH%Q(O,t;V’)'

By applying Gronwall’s Lemma (see, e.g., [2, Lemma A.4]) to ||x(t) — mol|?., we conclude
(3.6).

Proof of Theorem 2.1. We set

X=X1—X2, X:=X1—x3 [f:=/fi— [

and note that the function m() takes the constant value mgy := m(x?) — m(x39); in view of
(1.67), x fulfils

OX + AN+ AN+ —x3—x)=f in W' ae. in (0,7).

Testing by N(X(t) — mg) for a.e. ¢t € (0,7) and integrating in time, on behalf of the
monotonicity of y +— y® we easily get

1. L 5 o b .
§IIX(t) —molly + §|X(t) — mol% +/ IX(s) — mol|3ds
0

< C (1R = 7ol + 1T 1B + 1K = Tall32(00)

= [ = i) ds + [ (). (0) ) ds

Estimating the two final terms separately by

t
‘Wa/ (/ Y(X?+X§+X1>m)dw) ds
0 Q

t t
< |mg| / 0 4 + X1 X, — T}l + [ol? / 0 4 + o, 1)] ds
0 0
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.. _
(3.8) < S IX =l + O (14 Il + el )
and by
' 2 2) , 1 2
(3.9) / (%X — ) ds| < € (IX = M52 + 1751 + SIX = 532000
respectively, invoking (3.6) and Gronwall’s Lemma for ||\ (¢) — mo||}, we infer (2.6). D

Remark 3.2. Following [8, Rem. 3.6], we remark that, thanks to the continuous dependence
estimate (2.6), it is possible to relax the requirement on the initial condition x° of Problem
P? to be in V, extending the notion of solution to P? to the case in which x° € H. Indeed,
let us consider a sequence {x)} C V approximating x° in H: then the sequence {x,} of
the corresponding solutions of P° fulfils the Cauchy condition in C°([0,T]; H) N L*(0,T; V)
thanks to (2.6). Taking the limit of {x,}, we obtain therefore a generalized solution x €
C°([0,T); H) N L*(0,T; V) of Problem P?, corresponding to the initial condition x° € H.

Proof of Theorem 2.2. The first part of the proof consists of obtaining a priori
estimates for the sequences of solutions {y.} and {¥.}, in order to extract subsequences
converging to the unique solution of Problem P? in suitable topologies. To this aim, we test
equations (1.1%), (1.2’) by appropriate functions.

First a priori estimate. Following [11, Lemma 3.1], and choosing N (u. — E.) € W as
test function for (1.1%), we get

(On(ue(t) = E(8), N (us(t) = Ex(8))) + (AVe(t), N (ue(t) — Ex(t)))

= (f-(t),N(uc(t) — E-(t))) forae. t€(0,T).
Integrating in time, in view of (2.1), (2.4) and (3.1) we derive

let) = B0+ [ 100 s+ [ (0.05) ) = Buls)) ds

1
(310) <5 (00X = B0 + 1 fesory + e = EellEsoinn)

Substituting (1.2") for 9., noting that

(AX (), x(t) = Ec(1)) = [Ixe(t) = m{x) (D)l for ace. t € (0,7)

by (2.3), and that

(atX5<t>7 Xe(t) - Ee@)) = (at(Xs - Ee)(t)> Xs(t) - Ez—:(t)) + (m(fs)<t)7 Xs(t) - EE(t>>

by (3.2), we can rewrite the third term in the left-hand side of (3.10) as

() = B0 = 500 = B0 6 [ (m(7)()x4(5) ~ El)ds
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(311 + / Ie(8) — mOx) )| ds + / (3(5) = Xe(8), xe(s) — Bu(s))ds.

Note that

5 / (m(£.)(s), xe(s) — Ex(s))ds

(3.12) /Imfe 2 ds + /|x€ ) (o) ds + - /|em )(s), ds.

Handling the last term in (3.11) by means of (2.29) (with the choice o = 1/2), and of (2.30)
(with n =1/(4S) and S as in (3.4)), yields
(3.13)

/ 0 (5) = xe(5), x-(5))ds — / 02) = o) Eels))ds >+ / t ( | e s)dx) ds - C.
Collecting (3.10)-(3.13), we obtain

1 t )
§Ilue(t) — E.()|} + 6/0 9-(s)|% ds + §|xa(t) — E.(0)|H + lIxe — m(xe)llizm,t;w

1 t
t3 [ ([ bt )ds < 0 (14 2100+ 10 + (£ o)
0 Q

1 t
314) + (1B + e = Eellsgan + e =m0 Bounn + 2 [ Wlhds).

Taking into account (H3), (H4), applying Gronwall’s Lemma, and recalling (3.4) as well, we
deduce from (3.14) the estimate

(3.15) ||| oo 0,17y + H€1/2195HL2(0,T;H) + lIxellLs@ynrzomvy < C

for some positive constant C' independent of €. We observe that, as § > 0 is a fixed constant
by hypothesis, (3.14) also implies that {x.} is bounded in L>(0,7; H).

Second a priori estimate. Following the regularization argument devised in, e.g., [9]
(see [9, Lemma 2.1] in particular), let us consider, for any fixed ¢ > 0 and ¢ € (0,7), the
V-valued (unique) solution x#(t) of the elliptic variational problem

(316) 0.0+ (). O+ (A0,0) = (1), 0) W eV,

where g > 0. As shown in [9], since x. € H'(0,T; H), (3.16) defines a function x* €
HY(0,T;V) for every p > 0, and for a.e. t € (0,T) 9,x"(t) solves the corresponding varia-
tional equation with O;yx.(¢) on the right-hand side.
Let us test (1.17) by 9.(t) and (1.2°) by d;x*(t): adding the two equations and integrating
n (0,t), we obtain

t

5 / (Buxe(5), By (s)) ds + / (Axo(5), Bx(s)) ds + / ((5) — Xe(5), Bx(s)) ds

13



+ [ Ot = a2 6). 0 ds + 500+ [ (A0.().0.09)) ds

3.17) = SR+ [ ()00 s

for a.e. t € (0,T). Now, let us take the limit as p | 0 of (3.17), € > 0 being fixed: we observe
that

t t
lim| / (O0-(5), Dt (5) = Bixe(s)) ds| < i / 190 (5) 210 () — Bxe(s)] 1y ds = 0
0 0

iy

since, by [9, Prop. 6.1], 0;x*(t) — Oix:(t) as i | 0 and |0y x*(t)| g < |Opxe(t)| for every p > 0,
for a.e. t € (0,7). We likewise conclude that

t

lim [ (x2(s) = x=(s), ixt(s)) ds = /0 (X2(5) = Xe(5), Dex=(s)) ds,

w10 0

t

lim [ (9pxe(s) — OixE(s),Ve(s)) ds = 0,

nl0 0
while, on behalf of [9, Prop. 6.3], we have

t

tim [ (Ax(5), Ot (s)) ds = 5 (Axe (1), xe(0)) — 5

Ax2 X,
i | 5 (Axes xe)

As a result, (3.17) yields

t 4 2
[ oo as + Slo.op+ [ (S50 - g
0

Q
1 2 ' 2
o lxe(t) =mx@O)llv + i [9<(s) = m (D) (s)ly ds
€ o) (@)? 1 /t
1 < Z 02 € o € - 02
18) < g+ [ (N5 - e GVt + [ (e s
for a.e. t € (0,7). We estimate the last summand in (3.18) by

1 t
3 (B + [ 19:09) = m@I) ds ) + Clhml oy 0 o

and observe that the latter term is bounded, owing to (H7) and (3.15). In the end, we deduce
that

(3.19) 1628, xe || 20,301y + 1€ 20c | 0w 0,750y < C

owing to (3.15), we can estimate {m(x.)} in L>(0,7) as well, so that (3.18) entails the
upper bound

(3.20) IXellzoeo.zivy + 19 = m(Pe) | 207wy < C.

14



Therefore, in view of the continuous embedding V' C L(Q), we have that

(3.21) {x2} € L>=(0,T; H) is bounded.
Finally, since 0 is a fixed parameter, (3.19) yields the estimate
(3.22) 0exell 20,y < C

as well. By (3.19) and (3.20), a comparison in (1.2’) entails that {J.} C L*(0,T;V’) is
bounded; clearly, the same conclusion holds for {m(v.)} € L*(0,T), whence

(3.23) {9.} c L*(0,T;V) is bounded,
thanks to (3.20). Eventually, by comparison in (1.1"), on account of (H4) as well, we deduce
(3.24) 10eue] | L2077y = l€00: + Oixell z2o,rvry < C.

Third a priori estimate. Finally, we test (1.2’) by Ax.(t) (the aforementioned [9,
Prop. 6.1-6.3] again ensure that the argument is correct) and integrate on (0,7"), obtaining,
thanks to (2.28),

T
| 10t < V0o |9l
0

1
+2||5atX€||%2(O,T;H) + 2||X§ - XEH%Q(O,T;H) + §||AX€||%2(0,T;H)'
Thus, in view of (3.21) and (3.22), we infer that there exists a constant C' > 0 such that
(325) HXEHLQ(O,T;W) < C Ve >N0.

Passage to the limit. Let us first remark that (3.20), (3.22) and (3.25) entail that
{x.} is relatively compact in both the strong topology of L*(0,7;V) and of C°([0,T7]; H),
by Lions-Aubin’s Theorem (see [15, Thm. 5]) and by [15, Cor. 4], respectively; further,
on account of (3.23) as well, well-known weak and weak-star compactness results ensure
that there exist two subsequences (which we still denote by the same symbol {x.}, {¢.} for
the sake of simplicity) and two functions x € H*(0,T; H) N L>(0,T;V) N L*(0,T; W) and
Y € L*(0,T;V) for which (2.8), (2.10), and (2.9) hold true. Moreover, taking into account
(3.19) and (3.23), we have . — 0 in C°([0,T]; H) and in L*(0,T;V), whence

(3.26) ed. +x. — x in C%0,T); H) N L*0,T;V)
and, by (3.24),
(3.27) ed:+xe —x in HY(0,T; V).

Note that, in principle, (3.21) only implies that there exists a function v € L*>(0,7; H) such
that

(3.28) o=y in L=(0,T; H).

Nevertheless, (2.9) ensures that x? — x® a.e. in @Q for a subsequence, hence by Egorov’s
theorem one necessarily has v = x3 a.e. in Q.

In conclusion, thanks to (2.8), (2.9), (2.10), (3.27) and (3.28), it is possible to pass to the limit
in (1.1), (1.2") and verify that (2.7) holds for the pair (y, 9); x fulfils the initial condition
(1.8) as well, on behalf of (2.9) and (H3). Since the solution of Problem P? is unique, the
limit pair (x,?) does not depend on the subsequence extracted, so that the convergences
listed above hold for the whole families {x.}, {¥.} as ¢ | 0. m
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Error estimates.
Proof of Theorem 2.3. Setting
Xe=x =X Uei=0 =0 E:=m(x) — E.=m(X) —em(d), fo:=f~ [
we observe that, by (3.2) and (3.5),
(3.29) 4E(t) = —m(f-(t)) ae. in(0,T),
and, on behalf of (3.3), (H5), and (H7),
(3.30) ‘Ea(t)’ < C (I = x2lvr +?)

for some constant C' independent of € > 0 and ¢t € (0,7"). Further, it follows from (3.19) and
(3.23), respectively, that

(3.31) Im(Xe) = Ecllzor = O("?)  and [ m(Xe) = Ecllz0m) = O(e).

Subtracting (1.1°) from the first equation of (2.7), testing by N(X.(t) —ev.(t) — E.(t)) €
W for a.e. t € (0,T), integrating in time and arguing as for (3.10), we obtain

SI%(0) — £0.(6) — Bu(t) . + / (9-(5), %) — 20:(5) = Euls)) ds

1

= 5= X0 =0 = ) + [ (o) NRelo) = 02le) — Bl s

1/, ~ _ _
(332 <O =B +2) + 5 (1 Boran + 1% — 0 = Belagran)

the last inequality following from (H5), (3.30) and the Young inequality (2.28). After replac-
ing 9. by d0;X- + AXe + x* — X2 — Xe on behalf of (1.2’) and (2.7), rearranging some terms
and taking into account (3.29) too, the last term in the left-hand side of (3.32) is equal to

SR ~ B0y = 30" =8 = B0 6 [ (m((6)). 7els) = Bu(e)) ds

0

%= m( g —< | (190:09) s+ [ (00) ), elo) ds

(3.33) _ /O t (X3(5) _ Xg@)jg(s)) ds — /0 t (;zs(s),ys<s) - E€(8)> ds.

By Hélder’s inequality and (H7), we have
' ~ o o Lo =
(3.34) ) / (m(fe(5)): Rels) = Ex(s)) ds < C8% + I = EellFaqaamy:
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aiming at comparing ||\. — E/EH%Q(MV) with ||\ — m(f{s)H%Q(O’t;V) in (3.33), it is convenient
to notice that, by (3.31),

(3.35) IXe = EellZ20.0) < 21IXe = m(Xe) 720,01 + O(7).

On the other hand, thanks to (3.23) we have

t ~ ~
(3.36) ‘5/ (ﬁa(s),ﬁa(s))ds‘ < el|dellr20,7.m) Vel 200,71 < C,
0

while
(3.37) | 6@ =7 ds = 0

by the monotonicity property of y — 3*. We can handle the last two summands in (3.33)
in the same way as in (3.8) and (3.9) and subsequently apply (3.35) and the estimate (3.15)
to ||xel|ra(g)- Collecting (3.34)-(3.37) and recalling (3.30) again, we infer from (3.32) and
(3.33)

1, ~ - N -
FlIXe(t) = ed=(t) = B} < OX" =l + & + [l fe ooz + IR — €92 = Eclli200)):

Invoking Gronwall’s Lemma, we deduce an estimate of order O(£'/?) for || Y. —e¥. — E.||co(o.1:v7)-
A comparison in (3.32), as well as (3.30), (3.31), and (3.33), allow us to conclude the er-
ror estimate (2.13) for {x.} C C°([0,T]; H) N L?(0,T;V); the estimates for {ev.} follows
immediately from (3.19) and (3.23). O

4 Asymptotic behaviour of P as ¢, | 0

Proof of Theorem 2.4. Arguing as in the previous section, we observe that the mean
value of any solution y to Problem P with a source term f fulfilling (H2) is conserved, i.e.

(3.5) holds.
Performing the same estimate as in Remark 3.1, we obtain the analogue of (3.6) for x

(4.1) IXlag) < € (14 md + X1 + 1220

noting that the only difference with respect to (3.6) is that the term |x°|% is no longer
necessary to estimate ||XHZE4(Q)7 due to the lack of the viscosity term A(d0,x) in (1.97).

Working out the same argument as in the proof of Theorem 2.1, it is easy to derive (2.14)
from (4.1). m

Remark 4.1. The extension outlined in Remark 3.2 can be considered for Problem P as
well: indeed, by the continuous dependence estimate (2.14), the requirement on the initial

condition x° to be in V can be relaxed to x° € V'’ with an analogous argument, thus obtaining
a generalized solution y € C°([0,T]; H) N L*(0,T;V) to Problem P.
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Proof of Theorem 2.5. Proceeding as for (3.1), we introduce the enthalpy u.s associ-
ated to the solutions x.s, U5 of P%; let us point out that (3.2)-(3.4) still hold true for its
mean value F.s.

The estimates (3.14), (3.18) and (3.25) obtained throughout the proof of Theorem 2.2,
the assumptions (H5)-(H9) and similar comparison arguments allow to infer the folllowing
upper bounds

HUaSHHl(U,T;V’) + HXeaHLOO(O,T;V)mL?(o,T;W) + HﬁeéHLQ(O,T;V)

(4.2) 620 xes |l 1201 m0) + €2 e | Lo 0,0y < C,

for a positive constant C' independent of ¢ and §. Hence, (2.20) follows; we also deduce
from (4.2) that there exists a pair (x, ) such that (2.16), (2.18), and (2.21) hold true as ¢,
d | 0 along some subsequence. Further, on behalf of [15, Cor. 4], {e0.5 + x5} is relatively
compact in C°([0, T]; V'); since .5 — 0 in C°([0,T]; H), we have

(4.3) Xes — x  in CY[0,T); V') ase, d ] 0.

To conclude (2.17), it suffices to remark that by well-known interpolation results

1/2
X5 — X”%Q(O,T;V) < IXes — X||2L?(0,T;V’)||Xe§ - X||L/2(0,T;V)||X66 - X||L2(0,T;W)7

so that, in view of (4.3) and (4.2), x.s — x strongly in L?(0,T;V) as ¢, § | 0. Arguing as
in the proof of Theorem 2.2, we have

(4.4) X2 —x* in L*(0,T; H).

Finally, since xy € L>(0,T;V) N C°([0,T]; V'), on behalf of [17, Lemma III.1.4] we conclude
that x is weakly continuous in [0, 7] with values in V; the inclusion V' C H being compact,
we deduce the further regularity y € C°([0,T]; H).

In view of the convergences proved so far, we deduce that the limit pair (x,d) fulfils
(2.15) and that (1.8) holds for y, which turns out to be the unique solution of Problem P;
as ¥ is unique as well, we retrieve (2.16)-(2.21) for the whole sequences {x.s} and {¥5}. ©

Error estimates.

Proof of Theorem 2.6. Let us label X5 := X — Xes, 555 =1 — Vg, };; = f — f.s and
E.s := E — E_s, observing that (3.29)-(3.31) hold for E.s; and m(Xes) for every € and § > 0,
as well.

We take the difference between the first equation of (2.15) and (1.1"), we test it by

N(Xe5) — s — Ess) and integrate on (0,t) for a.e. t € (0,T"), thus obtaining the analog of
(3.32)

3 1Tes(0) = 0.s() = Bt + [ (9. Ts(o) = e0s) = Bl s

18



1/ — N _
(4.5) <O (X" — Xl +¢) + B (eréui‘A’(o,T;V/) + [[Xes — €05 — EEJH%Q(O,t;V/)) :
On account of (1.2") and (2.15), we have now 555 = —00iXes + AXes + X2 — X35 — Xes:

rearranging some terms, we see that the second summand in the left-hand side of (4.5) is
equal to

5 /0 t(atjggg(s) — 0,E.5(5), Xes(s) — E.s(s)) ds
-5 /0 (8tx(3) (£ (3), Res () — £0.5(5) —E55(3)> ds—§ /0 (Ox(5) — m(fos)(5), £0.5(s)) ds

" / (ATes(), Tea(5) — m(Kes)(5)) ds + / (3(5) = X%5(), Rea(s)) ds

t t t
(10) = [ () =s) Bl ds— [ Relo): Do)~ Euo) ds— [ (Bs) 0.a5)) s
0 0 0
We estimate the second term in (4.6) by
2 2 2 2\ L Ly~ S~ 2
(4.7) C <5 10:x N 220,00 + 07+ € ) + Z”Xsé — m(Xeo)ll 2200,
on behalf of (H7) and (3.31), and the third summand by

(4.8) C(edllOxllzaorsm 10es | 2z +e Im(fes) | L0 0y + 07 108 | L2 1)) < Ce0+E+07),

by (H7) and the estimate (4.2). By means of (3.8), (3.9) and (3.35), also remarking that

[ Xes — E€5Hi2(0,t;v’) < 2[|Xes — €5 — EE5‘|%2(O,t;V’) + 252’\?956H%2(0,T;w)7

we have the following upper bound for the three remaining terms

5\’1956HL2(07T;H)”1986HL2(0,T;H) + CHEszSH%oo(o,T) (1 + HXH?‘%(Q) + HxngZD(Q) + 52)
~ =~ 2 ]_ ~ ~ 2
+ClIXes = Eesllzz o) + 5lxes = mXes)llz20.0) <

~ ~ 1, ~
(4.9) <C(e+ e+ 52”1966H%2(0,T;V’) + [ Xes — e¥es — E€5H%2(O,t;v’)) + 5”9(55 —m(Xes) H%Z(O,t;v)'

Now collecting (4.7)-(4.9) and applying (3.30) to estimate |E.s(t)|, by the aforementioned
monotonicity argument we derive from (4.5)

%Hiea(t) — 05(t) — Es(t)|1} + g%a(t) — E5(t)[% + /O IX=5(s) — m(Xes)(9)]§ds <

< C (I = X%lI% + = + 01 = X%l + 28 + 1 Fosl30r) + )
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3 _ _ ~
(4.10) +Z”X€5 - m(Xsé)H%Q(O,t;V) + C[Xes — €0es — E€5H%2(0,t;\/’)'

Then, applying [2, Lemma A.4] to X5 — €5 — E.5, we conclude
H%&& - 81955 - EE(SH%O(O,T;V’) <

< O (In® = X5l + 2+ 8% = X%l + 26 + | ool o + )
On account of (4.10), (2.22) easily follows. m

5 Asymptotic behaviour of P’ as § | 0

Proof of Theorem 2.7. As in the proofs of Theorems 2.2 and 2.5, at first we establish
some a priori estimates for the sequence of solutions {xs} of P°.
First a priori estimate. Testing (1.6") by N(9;xs(t)) € W for a.e. t € (0,T) (we recall
that
m(Opxs)(t) =0 and m(xs)(t) = m(x?) for a.e. t € (0,7T),

as pointed out in (3.5)), integrating in time and reminding (2.3), (2.4), and (2.29) we get

t t 1
/ 1005 (5) Bds + 6 / Boxa(s) s + 5lls(t) ~ (DI + o / Vi, )da
0 0

1 1 1 1 [
51 <O+ gm0 + 1IN + g lory + 5 [ 1oalids
for some constant 0 < a < 1. Owing to (H11) and (H13), (5.1) entails the uniform bound

1
(5.2) 1951 20,50y + 1162 0sxs || L2 0,1:m) + (X6l 2w 0,750y < O

Then, by [15, Cor. 4] we can conclude that {xs} is relatively strongly compact in C°([0, T]; H).
Second a priori estimate. Testing (1.6) by xs(¢) and integrating on (0,t) for a.e.
t € (0,T), we obtain

T
/ Avs()l% ds < O
0

+C (52||atx5|’%2(O,T;H) + ||X§ - Xt;H%Q(O,T;H) + HféH%%o,T;v') + HXlsH%?(O,T;V)) .

By well-known elliptic regularity results, this entails that
(5.3) {xs} € L*(0,T;W) is bounded,

in view of (5.2); further, thanks to Lions-Aubin’s theorem [15, Thm. 5] we infer from (5.2),
(5.3) that

(5.4) {xs} is relatively strongly compact in L?(0,T;V).
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We can now verify that {y;} fulfils the Cauchy condition in L?(0,T; W), at least along
some subsequence. Indeed, let us write (1.6”) for two distinct solutions y, and x,, corre-
sponding to the parameters ¢, d, and to the source terms f,, f,; subtracting the equations,
testing by x,(t) — xu(t) for a.e t € (0,T) and integrating on (0,7") we deduce

T
/0 A (xu(t) = xo (1) [ dt < C (\Xﬂ —xolt + 1fu — fu!\%2(o,T;Vf>)
O (8,15300u o0 + 015300 0

(5.5) +C (I = X0z + X0 = XolE20 2wy

To conclude that {Axs} C L?(0,T; H) is a Cauchy sequence, it suffices to show that all the
terms in (5.5) tend to 0 as d,, d, | 0: in view of (H11), (H12), (5.2) and (5.4), this reduces
to checking that

15, = X222 0.0y < 2/ /|Xu Xo Ixu+xy|dfr>

9 T
<3 / (It zormq@y + Iz ) (106 = X0 liocey )

(5.6) < C/ I = Xl Zoey 4t < Clixw = Xull32gomy = 0 as 8, 6, 10,

in view of (5.4) and since (5.2) entails that {yi} C L>=(0,T; L*?(Q)) is bounded.

The argument developed so far provides a limit function y € L>(0,7; V)N L*(0,7; W) N
C°([0,T); H) and some subsequence (which we still denote by {xs}), for which (2.23)-(2.25),
in addition to x3—*x3 in L>°(0,T; H), hold true. Thus, it is possible to pass to the limit in
(1.6”) and conclude that x fulfils (1.97) and the initial condition (1.8); by uniqueness, besides
(2.25), the convergences (2.23), (2.24) as well hold for the whole sequence {xs}. O

Proof of Theorem 2.8. Preliminarly, we are going to find an error estimate for Y5 := x —xs
in L2(0,T;V). To this aim, let us take the difference between (1.97) and (1.6’) (denoting
the term f — f5 by f5), and test it by N(X5(t) — m(Xs)); an integration on (0,¢) yields, by
monotonicity,

1, _ b _ 1, =~
5 lxa(®) = m(Xs)|[3 + /0 1X5(5) —m(Xs)(s)[li-ds < ClIx° — xglls + QHfaH%Qm,T;vf)
L~ ~\12 2 2 L~ ~\12
+§HX6 - m(Xé)HL?(o,t;V/) + 20 ||atX5HL2(O,T;V’) + Z“X& - m(XtS)HLQ(O,T;V)
t t
(5.7) +/ (xX*(5) = x5(s), m(Xs)) d8+/ (Xs(s), Xs(s) — m(Xs)) ds
0 0
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taking into account that |m(xs)(#)|? < C||x° — x2||?, for a.e. ¢ € (0,T). Estimating the two
summands above with the help of (3.8) and (3.9), recalling (5.2), (which implies in particular
that xs C L*(Q) is bounded), and applying Gronwall’s Lemma to ||xs(t) — m(Xs)||3/, we
deduce

(5.8) Ix — X6||200(0,T;V')0L2(0,T;V) < Ky (HXO - XgH%// +[|f = f5||%2(0,T;V’) + 52) :

It is now easy to provide an error estimate for ||Xs||co(o, ;) and [|Xs|| z2o,rw): indeed,
choosing ys(t) as test function and integrating in time for all ¢t € (0,7"), we get

t
a0+ [ 1ATs(6) s < € (1 =30+ 1F = Bl

~ 1 ~
(5.9 +C (IRslx0r) + N6 B0 orny + I = X0 any + IRl xcoirn ) -

The point here is that we already dispose of the error estimate (5.8), so that, estimating the
third term in the line above as in (5.6), on account of (5.2) as well, we conclude that there
exists a constant Ky > 0 fulfilling

[x — X5H%’O([O,T];H)OLQ(O,T;W) < K <|X0 - Xg 12L1 +If - f5H%Q(O,T;V’) + 5) :
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